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Foreword

This book is intended as complementary to the widely known venerable books by esteemed authors such
as Digital Communications by John Proakis or Digital Communications — fundamentals and applications
by B. Sklar, with an emphasis on maximal streamlining. The target audience is students new to the area
of digital communications, who will find the minimal theoretical background here, along with basic
exercises. There are two types of exercises we think are necessary for the basic comprehension of the
areas covered: the manual exercises, calculated on paper by hand, and a complementary MATLAB
exercises to be programmed. Some exercises are also possible to model using TIMS
(Telecommunications Instructional Modelling System by EMONA - Australia). In this cases students
can get a true hands-on experience with real signals and systems. We define the exercise for the
commercial MATLAB platform, but are careful to use only a subset of MATLAB, focusing on built-in
functionality and intentionally avoiding the use of toolboxes, in order to facilitate the use of the free and
open source platform GNU Octave as well. In fact, most of the MATLAB exercises implementations
were also tested on GNU Octave. We provide our reference implementations on our GitHub page under
the GPL3.0 license:

https://github.com/talenik/Digital-Communications-Problems-Solved.git
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Introduction

In the following we will assume a digital communication system as shown in the figure bellow. Each
chapter of this textbook is devoted to one block from the block diagram of the digital communication
system. Selected problems are analyzed also by simulation using MATLAB software. At the end of
some exercises there is a note that the analyzed problem can be also modeled using Emona TIMS

hardware.
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Fig. 1: Block diagram of digital communication system.
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The following text covers only selected topics of the digital communication chain. The analyzed

problems should serve students as a basic starting platform in their further study to achieve a deeper
understanding of digital communications.
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Chapter 1: MATLAB recap

It is assumed the reader has some basic MATLAB experience. However, to make sure, we provide some
simple exercises to make sure the reader is with us. You can find the reference implementations of these
exercises in the accompanying source files 1ab1x.m. Inexperienced reader is encouraged to read the
Getting  started  section  within  the  official MATLAB  documentation  portal:
https://www.mathworks.com/help/matlab/getting-started-with-matlab.html

Lab 1.1: MATLAB basics

MATLAB Exercise 1.1.1: Variables and expresions basics.

a) Define a variable a as a scalar with value 2.

b) Define a variable v as a vector of integer values 1, 2 ... 8.

c) Define a variable A of size 2x2 as a matrix of any integer values.

d) Copy variable a to a new variable b. Also copy v to a new variable u.
Copy also A to a new matrix B.

e) Create a new variable ¢ = a + 2b, and a new variable w = v + 2u, and a new variable C = A
+ 2B.

f) Display a list of worskpace variables along with their sizes.

g) Try evaluating the expressions: a + v, at+ 4, a *v, a * 4, A + v, v + u’, explain what’s
happening.

h) Delete variable a from a workspace.

MATLAB Exercise 1.1.2: Calculation of values of various expressions.
a) Given the theoretical formula and table of values of X; and p(Xi):

H(X) :_z p(X;)-log,(p(X;)) E_z p; log2(p;)

calculate the value of H(X) using the values of p(X;) provided below:

Xi 0 1 2
p(X) | 12 | 14 1/4

MATLAB Exercise 1.1.3: Ttrying different display formats and precision.
Try the following commands:
>>format compact
>>e = 0.00000000000000022204
>>eps
>>e == eps
Explain what’s wrong. Hint: try changing the output format.
What are all the supported formats?

MATLAB Exercise 1.1.4: Compare with tolerance.
Write expressions that compare sin(z) and tan(z/2) with their theoretical values. Be carefull, with the
usual comparison operator “==", compare the difference with a defined tolerance instead.

12
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MATLAB Exercise 1.1.5: various versions of transpose
Create a complex matrix B and compare various transpose options:

>>B = [ 16 2+i 3-21i ; 5 11 10 ]
>>C = B’
>>D = B.'

>>E = conj (B)

Whichoneistrue: C==D? D ==E ? E == C ? Is it easy to compare matrices this way?
>>format short

Use the documentation online to find the proper function for simple test of matrix equality.

MATLAB Exercise 1.1.6: Solving systems of linear equations:
Find the solution of the following system using one line of code:
3z 4+ 2y— z= 1
20 — 2y 4+ 4z2= -2
—m-+-%y—— z= 0

Lab 1.2: Matrices and vectors in MATLAB

Try help for the following built-in functions: whos, rand, rank, det, fliplr, floor, zeros,
eye, size, sum. D0 NOT use any loops ( for / while ) in your implementation. Use the vector
features of MATLAB instead. You can find the reference implementations of these exercises in the
accompanying source file 1ablb.m.

MATLAB Exercise 1.2.1:
Using range operator and choose an integer parameter N stored in a variable to generate:
a) A column vector u with values 0 to N-1.
b) A row vector v with values N to 2N-1.
c) Arow vector w with N values with first element w, = 3 and each other element
Wis1=Wj+ 2.
d) Using only built-in transpose and multiply operators, compute inner and per-element
products of vectors u and v.

MATLAB Exercise 1.2.2:
Generate a pseudo-random square matrix of integers stored as double A of size m = 4. Matrix must
contain only single-digit integer values.
a) Find the rank and determinant of matrix A.
b) Find the sums of all columns of A, the sums of all rows of A, and the sum of all elements
of A.
¢) Flip A inhorizontal and vertical direction, rotate the matrix by 90 degrees and transpose
the matrix. Compare the results.

MATLAB Exercise 1.2.3:

Use range indexing on matrix A to:
a) Copy the second column of matrix A to a column vector v.
b) Copy the first row of matrix A to a row vector u.

13



c) Copy the last row of matrix A to a row vector w.

d) Copy the left half of the matrix A to a new matrix A.

e) Copy the bottom half of the matrix A to a new matrix A,.

d) Using range indexing create a:
i. row vector v; containing all the elements of matrix A scanned column-wise.
ii. row vector v, containing all the elements of matrix A scanned row-wise.

MATLAB Exercise 1.2.4:
By using logical indexing:
e) find all the elements of matrix A that are greater than 5.
f) Copy all these elements to matrix C of same size as A, that will contain these
elements at their proper positions and all other elements will be zero.
g) Setall elements in matrix A, that are greater than 5, to zero.

MATLAB Exercise 1.2.5:

Using range indexing, cut the matrix A (of size 4x4) to submatrices as shown in the picture below and
then transpose A per partes — by transposing and repositioning the pieces S1 — S6 into an all-zero matrix
D of the same size as A. Note: it will be helpful to draw the transposed matrix A, along with the

submatrix partitioning first.
E

S5

Fig. 1.1: Partitioning of matrix A to submatrices.

Divide this task into two separate m-files/functions with the following signatures:
function [ S1, S2, S3, S4, S5, S6 ] = foo( A )
divides the matrix A into submatrices.
function D = bar( S1, S2, S3, S4, S5, So6 )
transposes the matrix using the submatrices show above as inputs.

MATLAB Exercise 1.2.6:

Implement an approximation of binary arithmetics using the default MATLAB floating point data type
double: Only store integer values 0 and 1 in a matrix AY*N (choose the mtrix size N and also the values
randomly as you like) and multiply it with an equaly “binary” vector of size N. Observe the result — it
should contain various integer numbers. A true binary vector addition vould be implemented by the
bitwise XOR operation, while a binary multiplication is equivalent to bitwise AND. A binary subtraction
is the same as addition. Instead of these logical/bitwise operations use the integer modulo operation on

14



the result of the vector-matrix multiplication. Observe the validity of this approximation to a true binary
matrix multiplication by calculating it also by hand on paper. Also test the 1ogical () built-in function
to see another binary approximation available in MATLAB. What is the difference between the results
after converting them using logical () ?

Lab 1.3: Matrix partitioning

The Monte Carlo simulations are widely used for evaluating many kinds of systems.The name comes
from the utilization of chance in the form of random numbers generation. Apart from true random
generators, that usually require some hardware input, most available software random generators are
pseudorandom. That means they are not random at all, but look and behave as random. You can find the
reference implementations of these exercises in the accompanying source file 1ablc.m.

MATLAB Exercise 1.3.1: Generate pseudo-random matrices and matrix-vector multiplication
a. Use the built-in function randi () or rand () to generate:
i. 4x4 matrix A containing only values from the interval 1 to 10.
ii. A 4x1 column vector b, containing only integer values in from the interval 1 to 3 (including).
iii. A 4x1 column vector c, containing only integer values in from the interval 3 to 6 (including).
iv. A 4x1 column vector e, containing only integer values in from the interval 6 to 9 (including).
b. Multiply the vectors with matrix A:
B = A*b, C = A*c, D = A*d
c. Use horizontal concatenation to store the resulting vectors B, C, D as columns in matrix F.
Join the original vectors b, ¢, d horizontally together to form a matrix e.
Multiply the matrix e by matrix A and compare the result with matrix F. The result of the
comparison must a scalar logical value (0 or 1, not a vector or matrix).

In engineering practice, several subsystems of a larger system are often modelled by matrix
multiplication. It is then advantageous to combine the matrices of the subsystems to a larger matrix that
describes the whole system. This often results in a special structure of the resulting system matrix — the
block matrix. One can view such a matrix as a matrix of matrices, or simply as a large matrix, that can
be divided into submatrices. Fig. 1.2 shows a matrix A divided into four smaller submatrices.

8, &, a3 ay |a&s 8
a21 a22 a23 a24 a‘25 a26

s A 3x4 A 3x2 B C
A™® = Ay 8y By Ay | Ay A |= (Allzw Alzzxz = D E
ay Qp, 9 Qy |9 A . 2

a51 a‘52 a‘53 a54 a55 a'56

Fig. 1.2: Partitioning of matrix A into a grid of 2x2 submatrices.
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From the figure above, it should be clear that the submatrices are defined in the following way:

a, &, a3 9, A5 A
Ap=la, a, 8, a,| C=A,=

aSl a32 a33 a’34

D= A21 — (aéll a42 a43 a44j, E= )A\22 —
a'Sl a‘52 a53 a54

oy}
IIl

D D QO
I
&

D D QO
oS N}
& o

=
[42]
=~
(2]

gQJ
gQJ

The submatrices of A need not be of the same size, but their sizes do indeed need to be compatible:
Since the submatrices Ai1 and Ai, form a first block-row of A, they must have the same number of rows
in order to be successfully concatenated in the horizontal direction. In Fig. 1.2 this number of rows is 3.
The second block-row of matrix A consists of submatrices Az: and Az. Again these two matrices must
have the same number of rows, which is 2. Similar situation arises with the columns: submatrices A1
and A1 need to have the same number of columns in order to be concatenated in the vertical direction
to form the first block-column of matrix A. The number of columns is 4 in the example. Finally matrices
Ai2 and Az need to have the same number of columns (2 in the example) to form the second block-
column of the matrix A.

Since MATLAB supports range indexing, the partitioning of an existing large matrix A to submatrices,
or combining several smaller matrices to a block matrix shouldn’t be very hard. It is only necessary to
be careful with indexing: the index 1,1 of a submatrix at block-position (ib, jb) corresponds to a diferent
index in the large matrix, depending on the size of the matrices preceding the given submatrix in the
grid.

Example 1.3.1:
Let matrices B, C, D, and E constitute a partitioning of the matrix A given in the previous text. Given
the indices inside these matrices, calculate the indices of corresponding elements in the original matrix

b, b, b, b, C, Cp
A,=B= b21 b22 b23 b24 , A, =C=
b, by, by by,

C
C
A ED:[dll d12 d13 d14j E=A =(e11 elzJ
“ d21 dzz dzs d24 *

5x6 All3X4 Alz3X2 (B C
AT = A 24 p 22 = D E
27 2

Since the B submatrix starts at block-position (ib, jb) = (1, 1), its elements have the same indices as
elements of A, e.g.: bjj = ajj. Since the first column of the matrix C corresponds to the fifth column of A,
the indices of the elements relate in the following way: aij = Ci - ;) Where cb is the numer of colmns of
the matrix B (how cb = 4). Therefore: ais = Ci(s-4) = C11, @16 = Ca(s-4) = C12. The same holds true for all rows
of C: azs = Cy(54) = Ca1, @26 = Ca(6-4) = Ca2.

16



Similarly the submatrix D is located belov B in the grid, so the row indices are offset: Let rb = 3 be the
number of rows of the B matrix, we can then relate the indices of the elements: as: = du-3)1 = dia,
as1 = ds-31 = d21. We can use the same formula for all other column: ass = d-3)4 = d14, @54 = d(5-3)4 = d2s

The most important case is the E matrix, at grid (or block) position (ib, jb) = (2, 2). When recalculating
indices, we must note first note the position in A to which the element ei; corresponds. From the
equations above it is not hard to see directly that: e11 = a1 +rb)(1+cp) OF Stated differently: aij = ai-rm)j-
). Givenrb =3 and cb =4 , we can recalculate the indices: ass = €(4_3)5-4) = €11,

Qa6 = €(4-3)(6-4) = €12, @55 = B(5-3)(5-4) = €21, 856 = €(5-3)(6-4) = €22. We can also write these results in
a matrix form that looks trivial:

(ell e12 j — (aAS a46j
e21 e22 a55 a56
With block-matrix explained, we can now continue with reformulating the matrix multiplication

operation using submatrices. The following figure shows how the matrix multiplication AB can be
calculated by partinioned matrices:

by by

a, &, &, & ag &) | ’

aZl : 3x4 3x2 4x3
: A A B

C5><3 — A5><686><3 — aSl a34 % b b =[ ll2><4 lszsz{ 112X3]

41 43 A21 A22 BZl

ay Ay Qs Ay b b

a 85 85 51 53

> * ° b61 b63

C 3x3

5x3 11

c = [C 23 |’ C11 = AllBll + A12821’ C21 = Alen + AZZB21
21

The resulting matrix C is the same when calculated in any of the two demonstrated ways. Sometimes,

however, it is more convenient, or more descriptive with regards to a given context, to use the second

method.

MATLAB Exercise 1.3.2: Block matrix multiplication.
a. Generate six constant matrices A ... Az, and B, B2: as shown below (use the built-in
MATLAB function ones () ):

1111 2 2
An=l1 11 1) A,=l2 2] Aa,=[3333) A, ("
1 T M3 3337 (404
1111 2 2
555
5 _|555 5 (6606
"5 557 |6 6 6
555

b. Join the matrices using the horizontal and vertical concatenation operators to form matrices A
and B as defined below. Do not use the horzcat () and vercat () functions.

17



3x4 3x2 4x3
A5><6 _ All A12 BG><3 _ Bll
_A2><4A2><2’ _Bzxs
21 22 21
C. Mutiply the matrices A and B in two ways:
i Directly using matrix multiplication operation on A and B. Store result to variable C.
ii. Per-partes using the submatrices Az ... Az, and Bii, B2: multiplication, addition and matrix
concatenation. Store result to variable C2.

d. Compare the resulting matrices C and C2. The result of the comparison must a scalar logical
value (not a vector or matrix).

MATLAB Exercise 1.3.3: Decimal to binary conversion

Write a public function given the prototype: function bin = deToBi( dec, width )

that converts a nonnegative decimal scalar value to a binary row vector of length given by the second
parameter. Note: a public function must be placed in a separate .m file.

The MSB must be the first bit in word - bit with column index 1. If the parameter width is larger than
the number of bits necessary for the binary representation, zeros must be filled from the left. If it is
smaller, an error must be thrown. You may use the built-in function dec2bin () in your
implementation. Note: In MATLAB a convenient toolbox function de2bi () exists. This is not true in
Octave. This exercise serves as a workaround to implements portable MATLAB/Octave code. It will be
used in later exercises.

MATLAB Exercise 1.3.4: Generate all binary words

Write a function given the prototype: function data = generateAllBinaryWords( k )

that generates a matrix of all binary vectors of width k bits in natural order - starting with all zero vector,
ending with all ones vector. Each row of the resulting matrix must be one binary vector; MSB must be
the first bit in word - bit with column index 1. Use your implementation of the function deToB1i () in
your implementation.

18



Chapter 2: Source coding

The main task of the source encoder is to express the information from the source as efficiently as
possible using the binary symbols 0 and 1. In the next we will assume discrete binary information source.
This source will be modeled using a random variable. Further we will define symbols of a source
alphabetm,, each occurring with probability p,. Then we can express the amount of information as:

I (mi) = _Iogz(pi) [bit] (2.1)

and the entropy as:

H(M)=E(1(M)) ZzN: P I(mi):_ZN: p; log,(p;) [bit/symbol ] (2.2)

i=1 i=1

Exercise 2.1:

Let’s have a source with the following distribution of symbol probability. The information is transferred
in BCD code with a symbol rate: R, =9600 [s/s]:

mi Pi BCD
A 1/2 000
B 1/4 001
C 1/8 010
D 1/16 011
E 1/16 100
Calculate:
A) The amount of information carried by each of the symbols
B) Source entropy - the average amount of information per symbol
C) Information rate: R;
D) Data rate: Ry
Solution:
A) I(mi) :_Iogz(pi) [bit]
m; pi I(m;) [bit]
A 1/ 1
B 1/4 2
C 1/8 3
D 1/16 4
E 1/16 4

19



B)

MO MO
o] ol e )
G- e

C) R =H.R =1.875 [hit/symbol]x9600 [symbol / second]=18000 [bit/s]

D) R,=k.R, =3 [bit/symbol]x9600 [symbol / second]= 28800 [binit /s]

Since: R, << R, = there is still a lot of room for compaction

In the next we will assume lossless compression = compaction.

Universal coding

It is a lossless data compression type based on dictionary. We will describe the original Lempel-Ziv
algorithms denoted as LZ77 and LZ78. Main characteristics of the algorithms:

e encode multiple symbols at once

o exploit dependencies between symbols in the data stream
e achieve a better compression ratio than Huffman code

e do not need to know the statistics of the source

e itisalossless encoding —a compaction

Other variants:

LZW Welch .pdf .tiff

LZSS Storer Szymanski .rar .arj
LZMA Markov .7z

LZH Haruyasu .zip

LZ77- sliding window
Parameters:

N — window size
Ls — the size of the actual window
The encoding output is a triple: (p,I,c), where:

p is the pointer — the address within the buffer

20



I is the length of the match

c is the symbol in the look-ahead buffer that follows the match

The sliding window scrolls from left to right. Its size is fixed. It is assumed that the lengths of the search
patterns are within the window. The window is divided into 2 parts:

- left part - search buffer, in it there are auxiliary
- the right part - lookahead buffer, it contains the
The sizes of both windows are predetermined. N

data through which we code
actual data we want to compress
is usually equal to Ls , but this is not a requirement.

N
L,
search buffer look-ahead buffer
already forgotten part | | processed part (still in memory) || actual part ” part not yet read

Coding algorithm:

1. stack initialization - the search buffer is filled with zeros
2. the lookahead buffer is loaded with the maximum possible number of symbols of the input

stream
3. codeword creation - the longest possible
lookahead buffer, which is identical to
encoded:
b.

string of input sequence symbols is searched for in the
the string in the search buffer. The found string is

address - which is the value of the pointer where the
string starts in the buffer

the length of the matching sequence in both buffers
the symbol in the look-ahead buffer that follows the
match

Note: if the loaded string is not yet in the stack then the address is a null vector

4. the encoded string from the lookahead buffer is moved to the search buffer
5. anew string of the same length as the one that was moved to the search buffer is loaded into the

lookahead buffer
6. the procedure is repeated from step 3

Decoding algorithm:

1. stack initialization - the search buffer is filled with zeros

2. read: encoded address (pointer), length and symbol in the look-ahead buffer that follows
the match. A string of given length is copied from the given address from the search
buffer to the look-ahead buffer and the symbol in the look-ahead buffer that follows the
match is appended. The content of the look-ahead buffer is then the decoded string.

3. the decoded string is moved from the active window to the search buffer

4. the procedure is repeated from point 2
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Exercise 2.4:

A) Encode the following string of characters: aacaacabcab aaausing LZ77 method.
Parameters are: N =10; L, =4.

Look-ahead buffer: [ T 1

search buffer - length of the match: N-L, =10-6=4

0 N

length of the match in both buffers

[ ] symbol in the look-ahead buffer that follows the
match
Solution:

CUrsor

e

alalclalalclalbfclalblalalalc] (_,0,a)

F 3
h 4

qa|c|a\a cTalblclalblalalale] (1,1,c)

B STETETE| B c [ [b[alalalc] (3,4,b)

[ala clalblajafalc]| (3,3,a)

lalalclalalc lalalel (1,2,0)

F Y
h 4

N

B) Decode the encoded sequence: _0al1c34 b33 al2c
Solution:
We divide the sequence into triads: (_,0,a)(1,1,¢)(3,4,b)(3,3,a)(1,2,c)
We do the reverse procedure - instead of comparing, we copy from the lookahead buffer:

_,0,a—>a

1,1,c—>aac
3,4,b—>aacaacab
3,3,a—>aacaacabcaba

l1,2,c—>aacaacabcabaaac
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Balance sheet:
The original string: length = 14 characters (we assume 8 bit ASCII encoding) = need 8 x 14 = 112 bits

Encoded string:

To encode search buffer is necessary:

[log, (N - L) | = log,(10—4) | =[ log,(6) | =] 2.58 | =3 bits

To encode look-ahead buffer is necessary: [log, (L) | =] log, (4) | = 2 bits

The symbol in the look-ahead buffer that follows the match is one ASCII character, i.e. 8 bits

Intotal: 5x3+5x 2+ 5 x 8 =65 bits

Compaction ratio: % =1.723

Exercise 2.5:
The ternary data stream is formed by the following string:

S= 00101021021021021202

Encode the given string using the LZ77 method using the ternary alphabet where the length of the match
will be encoded with two ternary symbols.

Solution:

For all possible starting positions of the pointer (address) we are looking for the longest possible match
- this is limited only by the number of bits to encode the parameter: length of the match. In this example,
the min. length is: 00 = 0 and max. encodable length is: 22 > 8.

Additional rule: in case of ambiguity, choose the pointer value as small as possible. For the maximum
encodable length, we need one more position in the buffer for the symbol that follows the match.
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$s=001010210210210212602

3456781 6 7
(0,2,1) 0000000O0OOj0O01010
345678|1 4 7

(7,3,2) 00000000101 0210210

123456781 23458 9

(6,8,2) 0000101022 02102 2

01 2345678J]12345¢6178239
(0’1’2) 1021021021202

0123456781 234567809
(2,1,2) 2102102122

(2,2,0) by using a protocol we will correct the padding and the length

Encoded string: SLZ77 = 00021 21102 20222 00012 02012 00000

LZ78 — dictionary method
Output: (index in dictionary, the symbol that follows the match)
Exercise 2.6:

The ternary data stream is formed by the following string: S=001212121021012101221011.
Encode this stream using LZ78 method and ternary alphabet.

Solution:
S= 001212121021012101221011
T_>/\/\ AN AN A A A A A
T ->1 2 345 6 7
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dictionary input output
index | index ternary | content integer | ternary
0 00 @ 0 (0,00 | 000
1 01 0 01 (1,1) | o11
2 02 01 2 (0,2) | 002
3 10 2 1 (0,1) | o001
4 11 1 21 (3,1 | 101
5 12 21 210 (5,0) 120
6 20 210 2101 (6,1) 201
7 21 2101 | 21012 | (7,2) 212
8 22 21012 | 21011 | (7,1) 211

Encoded output:

SLz78 = 00001100200101120201212211

Length of the string:

prior encoding: 24 symbols
after encoding: 27 symbols

Exercise 2.7:

Let add to S from Excercise 2.6 another 12 symbols: Se =

encode them.

Solution:
Se=210121210122
T => A A

Out

(8,1)= (22,1)

Out = (8,2)= (22,2)
Length of the string S + Se:

prior encoding: 36 symbols
after encoding: 33 symbols

21012121012 2and
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Exercise 2.8:

Decode the encoded data from the Excercise 2.7.

Solution:

SsLz78 =00001100200101120201212211

dictionary input | output
index | index ternary | content

0 00 ) 000 0
1 01 0 011 01
2 02 01 002 2
3 10 2 001 1
4 11 1 101 21
5 12 21 120 210
6 20 210 201 | 2101
7 21 2101 212 | 21012
8 22 21012 | 211 | 21011

Entropic coding

It is a lossless data compression type based on entropy. We will describe two common prefix codes:
Shannon-Fano and Huffman. Prefix codes have the following characteristics:

variable code word length

one codeword represents one resource symbol

more frequent messages are coded with fewer binary bits

minimise the mean codeword length

no codeword is a prefix of another codeword

disadvantage - need to know the statistical characteristics of the source before coding

Important parameters:

_ N
Mean code word length: d = E(d) = Z p.d, (2.3)

i=1
N
where: p;i — is the probability of sending the message i ; Z p, =1
i=1
d; — is the length of the codeword belonging to message i
N — is the number of symbols
H(M)
log, N

Lower bound of the code word length: d,,, = (2.4)
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where: N — is the number of elements of the alphabet we are encoding

Compression factor: CF :j: (2.5)
- R
Code efficiency: CE = R—' (2.6)
b
N
Kraft inequality: » 274 <1 (2.7)

i=1

It is a necessary and sufficient condition for the existence of binary code that has codeword lengths:
di ,i =l,..., N .

Shannon-Fano code

This prefix code is suboptimal because the tree is formed from the most frequent symbols to the least
frequent. The Shannon-Fano code is not optimal in terms of minimizing the average codeword length.

Algorithm:

1. the messages are sorted by descending probability

2. divide the messages into two groups so that the sum of the probabilities in them is as close
as possible and at the same time the difference of the sums of the probabilities of the
messages in the groups is as small as possible

3. assign the first group the sign 0, the second group the sign 1

4. recursively repeat until we get groups of one message

Huffman code

It is the optimal (most efficient) prefix code for a flow of stochastically independent symbols. The tree
is formed from the least frequent symbols to the most frequent (from the bottom). There are variants of
the described algorithm (also adaptive).

Algorithm:

1. the messages are sorted in descending order of probability - they form the leaf nodes of the
tree

2. sequentially connect the two nodes with the lowest probability into one:
e its probability will be equal to the sum of the probabilities of the merged nodes
e if there are more possibilities, follow the additional criteria:
o minimum variance of codeword length
3. this is repeated until there is only one node left - the root of the tree

The tree:

e hasn leafs (n is the size of the alphabet)
e has n-1 intermediate nodes
e its complexity depends on the implementation of O(nlogn) or O(n) (if sort is not included)
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Exercise 2.9:

The source transmits symbols with the occurrence frequencies described by the following table in BCD
format at a rate of R, =9600 [s/s].

symbol mi frequency fi
1 a 57
2 e 35
3 i 29
4 d 23
5 C 17
6 k 13
7 v 9
8 u 7
9 n 5
10 . 5

Encode the source symbols using:
A) BCD code.
B) Shannon-Fano code.
C) Huffman code.
D) Calculate the mean codeword length E(d) for all encodings.
E) For each code, calculate:
1. The information rate (rate of information transfer): R; .
2. Data rate (data rate): Ry .
3. Compression ratio
4. Code efficiency
F) Decode the following received message encoded using the Shannon-Fano code:

00000010000010011000000110000000000100000101000111

Solution
BCD code:
symbol: m; frequency: fi pi BCD code di
1 a 57 0.285 0000 4
2 e 35 0.175 0001 4
3 i 29 0.145 0010 4
4 d 23 0.115 0011 4
5 c 17 0.085 0100 4
6 k 13 0.065 0101 4
7 \ 9 0.045 0110 4
8 u 7 0.035 0111 4
9 n 5 0.025 1000 4
1 L 5 0.025 1110 4
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f 57 f, 35
PSR T RIS 200 P =S " 200

N
Check: p=>Yp,=1.0

i=1
We have to encode with BCD code (naturally) 10 messages =
d. =[ log,(N) 1=[ log,(10) 1=[3.3219]|=4

N
d =E(d)=>_p,d; =4 [bit/symbol]

i=1
H(M) ==Y plog,(p,) =2.91428 [bit / symbol |
R =H.R =2,91428 [bit/ symbol]><9600 [symbol / second] =27977.1[bit/ s]
R, = d. R =4 [bit / symbol]><9600 [symbol / second] = 38400 [binit / s]

R, <R, = there is still room for compaction

CF = d(B_CD) = 4 =1-— no compression
d 4
CE= R = 219771 =0.728569
R, 38400

Shannon-Fano code:

p; :%: f, = piz f,— we can use frequency instead of probability because it is linearly

dependent on the probability

2% _ 200

We have to divide fi into two groups: = 7:100:> 1 group: Z f, =92, 2" group:

z f, =108 so that the sums of abundances in both groups are as close as possible. Assign 0 to group

1, assign 1 to group 2. This process continues until the groups are single-element.
Additional rules if it is possible to split the messages in different ways - if there are ambiguities:
1. in even number of messages in groups if possible.

2. place a larger sum on top.
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mi | i Shanon-Fano d
1 c 11 0|0 |0 000 3
2 e 8 1 001 3
3 S 6 1|0 010 3
4 |t 6 1 011 3
5 u 5 110010 1000 4
6 r 5 1 1001 4
7 i 4 1|0 1010 4
8 a 4 1 1011 4
9 d 3 1/0(0]0 11000 5
10 | o 3 1 11001 5
11 | v 3 1 1101 4
12 | m 2 1/01(0 11101 5
13 |n 2 1 11110 5
14 | k 1 1|0 11110 5
15 | 1 1 11111 5

64 =31+ 33
31=19 + 12
19=11+8 12=6+6
33=18 + 15

18=10 + 8 15=9 + 6

10=5+5 8=4+4 9=6+3 6=4 + 2

6=3+3 4=2+2 2=1+1

N

d =E(d)= > p,d; =3.70313 [symbol | binit]

i=1

R, = d. R, =3.70313 [bit / symbol]><9600 [symbol / second ] = 35550.048 [binit / s]

_d(BCD) _ 4

CF — =
d 3.70313

=1.080167 — slight compression

E _ R _35016.384 _ 0.985
R, 35550.48
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Huffman code:

cll
e8 36
0
’—
s6 1 64
12
té 28 28
11 |o
us L 21 21
10
rs
. 8 |o
14 1 16
8 0
a4 '
1
o—
d3 12
6
03
0
v3 1 10
m 2
0
’—
4 1 15
n?2
3]0
k1 1 5
1 2
d
symbol | frequency codeword of
C 11 000 3
e 8 100 3
S 6 110 3
t 6 111 3
u 5 0010 4
r 5 0011 4
i 4 1010 4
a 4 1011 4
d 3 01000 5
0 3 01001 5
Vi 3 0110 4
m 2 01010 5
n 2 01011 5
k 1 01110 5
1 01111 5

Since the distribution of d; is identical to that for the Shannon-Fano code, the code parameters are the
same. The Huffman code is optimal in terms of minimizing the average number of bits needed to
represent a single source symbol.
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Exercise 2.10:

Verify that Shannon-Fano code satisfies the Kraf inequality.
Solution:
15

Zz—di =4x2315x2* 16x2°=1.0
i=1
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Chapter 3: Channel coding

The task of the channel coding is to adapt the conveyed information to the channel properties and at the
same time to provide error (or erasure) protection against channel impairments such as noise or
interference. The selection of the appropriate channel encoding scheme depends on the channel
characteristics: burst channel, random error channel, etc. and also on the required bit error rate — BER
or latency.

Linear Block Codes

The classical mathematical definition of a Linear Block Code (LBC) states that an LBC is a k-
dimensional subspace of an n-dimensional vector space, usually but not necessarily defined over GF(2).
This definition is sufficient for the purposes of this chapter. LBCs divide the input and output data
streams into vectors of constant size: the input data word length is by convention denoted k, while the
output codeword size is n. These basic parameters are then used for basic code identification, together
with a third parameter — the minimal Hamming distance between any two codewords dmin. The triplet
[n, Kk, dmin] however, does not really define the code itself: the set of all the datawords, codewords, and
their mapping does. Because of the linearity, we do not need to enumerate these sets, only the k basis
vectors of the code are necessary. This is simply achieved by organizing them as rows of the code
generator matrix G of size: k x n, which then completely defines the code.

Since nis larger than k, and both are positive integer values, we may define also a positive parameter m
=n -k and a rational code rate: R = k / n. Regardless of the algorithm used, the decoding process then
utilizes the null space of the code described by a parity check matrix H of size m x n, that is orthogonal
to G (the T in the superscript in the following equation indicates the transpose operation):

kan A HT(nxm) — kam (31)

As mentioned above, this matrix multiplication takes place in GF(2),where the elements may only have
one of the two possible binary values: 0 and 1, the addition operation is in fact binary XOR and the
multiplication operation is binary AND.

The encoding process is in theory described easily by multiplying of the data word i by matrix G over
GF(2), and obtaining the codeword c. Most practical applications use a specific form of systematic
matrix G in order to implement encoding in which the data word i is a subvector of c. The rest of the
codeword consists of redundant or parity bits and may be denoted as parity vector p of size m bits:

Clxn _ |:|1><k plxm] _ ilxk ‘kan (32)

Because of the orthogonality of G and H, all codewords are orthogonal to H and we may denote the
result of multiplication of any vector r of length N as a syndrome vector s:

Slxm — Clxn . HT(nxm) — lem (33)
For all the codewords the syndrome is obviously a zero vector. For a practical systematic transmission
both the G and H matrices have special structure and may easily be converted from one to the other:

The G matrix can be partitioned vertically into two submatrices: an identity matrix | of size k x k and a
parity matrix P:
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G=(1,1P"") (3.4)

If the G is in this form, the H matrix can be directly calculated by:
H=(P"|I,) (3.5)
Note: Sometimes the systematic form is defined with | and P matrices switched.
The transformation is equally simple if the systematic H matrix is known. This doesn’t work directly

with non-systematic matrices, but those can be converted to systematic form. Fig. 3.1 shows how the
encoded data transmission may then be modelled:

k bits 7 bits 1 bits m, n,k bits
—>| encoder ‘/:\ > decoder —>
i c r s,C, i
e

Fig. 3.1: Modelling of binary data transmission with LBC encoding and decoding.

The encoder introduces redundancy by adding m extra bits (known as parity bits) to each input block,
while the channel introduces errors by adding an error vector e to ¢. Each 1 in e represents a single-bit
error. We model the transmission with a simple equation, utilizing the fact that any codeword c is
orthogonal to H and therefore the term cHT is always zero:

r=c+e (3.6)
rH" =(c+e)H" =cH" +eH" =0+eH" =5 (3.7)
s=rH" =eH’ (3.8)

We can use the left part of eq. (3.8) as a syndrome definition. The resulting syndrome vector is calculated
in the receiver and if it equals zero, the codeword was received without any errors, or the number of
errors exceeded the maximum number of correctable errors. The receiver then utilizes the redundancy
and the orthogonality property to correct and/or detect errors.

Here the parameter dmin is most important since it defined how many errors can be corrected within each
codeword, or how many errors can be detected. It is the minimal Hamming distance between any two
codewords c. The calculation of Hamming distance is based on the Hamming weight defined in the
following way:

Hamming weight: wu(v) of vector v is the number of its non-zero elements. For binary vectors,
this equals to the number of ones. However, the definition is general enough to work
consistently also with non-binary vectors.

Hamming distance: du(u, v) of two vectors is the number of positions of these vectors with
different values. For binary vectors, this can be calculated by the addition operation (XOR) as:

du(u, V) =wu(u+v) (3.9

For a linear code, the task of finding the Hamming distances between all combinations of any two
codewords is simplified by finding the minimum weight of all non-zero codewords. The linearity also
implies existence of an all-zero codeword.

For a general LBC structure calculating dmin is an exhaustive procedure where all codewords have to be
found by encoding all possible 2* data words and applying eq. (3.2), and then finding their Hamming
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weights. If we calculate a histogram where the Hamming weight of the codeword lies on the x-axis, and
the number of codewords with this weight (denoted N(c) or #c) on the y-axis, we call this important
graph the weight spectrum of the code. Fig. 3.2 shows the code weight spectrum for a [7, 4, 3] Hamming
code (defined later).

.

w #c

0 1 2 3 4 5 (<] 7
wHic)

Fig. 3.2: Weight spectrum of a [7, 4, 3] Hamming code.

Regardless of the form of the G and H matrices, a [7, 4, 3] Hamming code weight spectrum will always
contain 1 zero weight codeword, 7 codewords with wy(c) = 3, 7 codewords with wu(c) = 4, and 1
codeword of weight 7.

The decoder can work in three different modes:
1. Pure error detection
2. Pure error correction
3. A combination of both

For the first mode, the maximum number of errors that can be successfully detected in a received word
r is given by:

tier = dpnin —1 (3.10)

In this mode, the detector can obtain information, that the received word contains errors, but cannot
really correct any of them. However, this is still useful since it can signal to higher level routines in the
receiver that can arrange a retransmission of the block from the sender.

The second decoder mode is pure error correction, in which the decoder tries to correct the errors in the
receiver word. The relationship between the number of maximum correctable errors and dmin IS given

by:
t, = LMJ (3.11)
2

The principle of error correction lies in finding the codeword c closest to the received word r in terms
of Hamming distance. We can rewrite this sentence more precisely as:

¢:=arg .. min{d, (r,c)} (3.12)

where C represents the set of all codewords in the code.
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The third mode of operation is most interesting and its utility depends on the actual value of dmin. It will
be explained later.

Hamming codes

Hamming discovered his famous class of codes when working in the Bell labs in the 1940’s when trying
to reduce the errors arising from the usage of punch-cards. Their design is still extreme useful today for
LBC teaching and their various forms — modifications and extensions, such as SECDED can be found
in actual, but usually historic digital systems.

The Hamming codes have a basic integer parameter r, from which the n and k can be calculated easily:

k=2"-r-1 (3.13)
n=k+r=2"-1 (3.14)

The minimal Hamming distance for all Hamming codes is dmin = 3, so the Hamming codes are often
denoted as [2" — 1, 2" — r — 1, 3]. Explaining the insights of their construction from Karnaugh maps is
beyond the scope of this book so we present the following simplified algorithm:

Construction of a Hamming code

1. Given the parameter r, we calculate n and k by means of (3.13) and (3.14).

2. The H matrix is created so that we enumerate all integer numbers from 0 to 2" — 1 in binary form
and store them as columns of the H matrix.

3. We permute the columns of the H matrix so, that we take all the columns with exactly one
symbol 1 and rearrange them so that they form an identity matrix on the left, and thus the H
matrix has the systematic form as given by eq. (3.5).

4. Itis now trivial to find a systematic form of G as defined by (3.4).

This is obviously not the only possible algorithm and many different G and H matrices exist for the
Hamming code — permutations of rows and columns, or additions of linear combinations of rows and
columns will not change the spectrum of the code, so the error detection/correction properties will
remain.

Example 3.1:
Construct a Hamming code for r = 3 and find the systematic forms of matrices G and H using the above
described algorithm.

Note: Examples 3.1 to 3.6 can be also implemented in MATLAB and the reference implementations are
also provided in a separate file: ch3 examples.m. However, before you try them in MATLAB, you
should implement all the MATLAB exercises defined at the end of this chapter (Open the file 1ab3.m).
Solution:

1. We calculate the basic code parameter: [2° — 1, 2° -3 -1, 3] =[7, 4, 3] so that we immediately

know the sizes of matrices G and H.
2. We find the nonsystematic Hx matrix: First enumerate all binary vectors of length r = 3:
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3. We rearrange the columns of Hy to obtain one of the many possible systematic forms:

0111100
H=1 011010
1101001

We can describe this process by a permutation: p = [3, 5, 6, 7, 4, 2, 1] and if we create a
corresponding permutation matrix IT:

001 0O00O00O
0 00O01O00
0 000O0110O0
n=0 0 0 0 0 01
0001000
0100000
1000000

We can use it to describe the process of converting Hy to H by a simple multiplication by a
permutation matrix IT:

H' =IH,’ (3.15)

4. Itis now a simple matter to extract the parity submatrix P from the systematic H and construct
systematic form of G:

0111
P=(1 0 11
1101
1000011
G=0100101
0010110
0001111

Itis prudent to check we did everything well by evaluating the orthogonality of the G and H matrices

by multiplying them over GF(2). The G should be also orthogonal to the nonsystematic form — the
matrix Hn:

000
GH'=[0 0 0
000
000
GHNT=[O 00
000
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LBC decoding

There are many decoding algorithms; some are effective for a given subclass of LBC only. Here we
present the most basic (and impractical) one, simple enough to give a basic understanding and be
computed even by hand. A more sophisticated LBC decoding algorithm, specific to a subclass of LDPC
codes is described in detail in later chapters.

The syndrome method for error correction

The syndrome decoding is the simplest decoding method and relies on a precomputed syndrome table:
a table that maps all the potentially existing error words to their syndromes. The number of error word
depends on two parameters: the codeword length n, and the number of correctable errors ter. The table
is created as follows: first all the binary vectors of length n containing exactly one symbol 1 must be
generated, then all the binary vectors containing two symbols 1, then 3, etc.... Until the number of ones
reaches: ter. If we put all these vectors inside an array, we can then calculate a syndrome corresponding
to each of them by applying eq. (3.10). Since the syndrome will be later used for addressing the table, it
is important to implement the table in such way, as to preserve the mapping between e and s. The number
of entries of a syndrome table can be therefore calculated as follows:

tL:ur n
ST|=2, (3.16)
o \
, Where the term inside the sum is a binominal coefficient. The term for t = 0 may be added to account
for the case of no error or may be omitted in actual implementation of the method. It is easy to see, that
the sum in (3.16) grows really fast with increasing n and ter and it is indeed the large size of the

syndrome table that prohibits its use in practical decoders, where n goes to hundreds or even thousands.
Example 3.2:
Calculate the size of a syndrome table for an LBC with parameters:

b) [7,4,3]

c) [16,6,7]

Solution:

The maximum number of correctable errors teor is by eq. (3.7): @) = (3-1)/2= 1 b) (7-1)/2=3.
Therefore the number of rows of a syndrome table will be:

a) |ST|=§[3=(ZJ+(D:1+7:8

3.(16) (16) (16) (16) (16
b) IST|=>1 " |=| . |+| . |+, |+, |=1+16+120+560 =697
t 0) (1) (2) (3
t=0
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The syndrome method decoding algorithm

1. Out of the received, potentially erroneous word r we calculate the syndrome s according to eq.
(3.8). This means the receiver must know the H matrix (and doesn’t need to know G).

2. The syndrome serves as an address for lookup to the syndrome table, and the result of this

lookup is an error word estimate & . We must be careful to understand that this is only an estimate

and we cannot be 100% sure this really is exactly the error vector e.
3. The estimate € of the transmitted codeword is obtained by modulo 2 addition of the received
word r and the error word estimate é :
C=r+é

4. For a systematic code, the desired data word estimate i is a subvector of¢ . For a rarely used
nonsystematic code, additional transformation must take place.

Example 3.3:

A linear block [7, 4, 3] code is defined by a non-systematic form of matrix G:

1 1

0 1
G=

0 0

0 1

0

1
0
0

0
1
1
1

0

0
1
0

1
1
1
0

0

0
0
1

Verify, that such a code is really a 4-dimensional subspace of a 7-dimensional space, and that it indeed
is one of the Hamming codes.

Solution:

To verify the number of dimensions, we must calculate how many of the matrix G rows are linearly
independent. If there are k linearly independent rows, these form k basis vectors gi. The simplest way
how to verify this is to use the Gaussian elimination method to reduce the G matrix to a reduced row
echelon form, or even to a systematic form:

1100
o |01 11
0001
0101
11000
joo0o100
“looo11
01001
10001
jo1001
“loo100
00011

o O O

N e L i

= I T

O R, RBr RB P OFP O

O O O
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Now we have the G matrix in systematic form, with obviously 4 linearly independent rows, thus k = 4.
From the size of G, we immediately know the parameters [n, k] = [7, 4]. In MATLAB, we can simply
use the rank () or rref () buit-ins.

However, the matrix Gs is here slightly different than the one shown in Example 3.1. We should now
verify, that the matrix G; does in fact specify a code with exactly the same error detection/correction
properties as a known Hamming code. We do this by calculating the code spectrum: First, we generate
all possible data words: binary vectors of length k, and then calculate the Hamming weight of each
codeword. We calculate the codewords (denoted cq) for the systematic Gs of the code under scrutiny,
and also for a known Hamming code generator matrix G from Example 3.1 (denoted cn):

i Cq= IGs(over GF(2)) | Wr(Cq) | Ch=1G (over GF(2)) | Wh(CwH)
0000 0000000 0 0000000 0
0001 0001110 3 0001111 4
0010 0010011 3 0010110 3
0011 0011101 4 0011001 3
0100 0100111 4 0100101 3
0101 0101001 3 0101010 3
0110 0110100 3 0110011 4
0111 0111010 4 0111100 4
1000 1000101 3 1000011 3
1001 1001011 4 1001100 3
1010 1010110 4 1010101 4
1011 1011000 3 1011010 4
1100 1100010 3 1100110 4
1101 1101100 4 1101001 4
1110 1110001 4 1110000 3
1111 1111111 7 1111111 7

Table 3.1: Calculation of a weight spectrum of a linear block code and a known Hamming code.

While the exact mapping of datawords to codewords is different, the code spectrum will always contain
1 zero weight codeword, 7 codewords with wy(c) = 3, 7 codewords with wy(c) = 4, and 1 codeword of
weight 7. We can put these values to a table Tab. 3.2 where N(c) denotes the number of codewords with
Hamming weight wy(c):

wr(C) N(c)
0 1
3 7
4 7
7 1

Table 3.2: Weight spectrum of a Hamming [7, 4, 3] code shown as a table.

The equality of the spectra is what makes the codes equivalent in terms of error performance.
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Example 3.4:

Transmission of the encoded data over a channel with errors. Let the system use a systematic [7, 4, 3]
Hamming code with G and H matrices defined in Example 3.1:

0111100
H=1 011010 G=
1101001

0

1
0
0
0

o O -

0

o r o

m O o o
=
=
=R S =

The system supports transmission of a subset of the alphabet chosen based on their relative frequencies
{E,T,A,O,ILN,S,R,H,D,L,U,C, M} These letters will be encoded in binary form as humbers 1
to 14. Let zero value represent space to separate words and let the symbol ‘.” Indicate any one of the

remaining alphabet letters.

A) Encode the message: “HI DAVE”

B) Let the channel introduce the following error vectors:
e;=(0000001),e2,=(0000000),e3=(0100000),e4=(0100001)
es=(0000010),e=(0010000), €7=(1000000)

Calculate the received vectors ri.

C) Decode the received message using the syndrome decoding method.

D) Observe any residual errors left after decoding.

Solution:

For the encoding table we can recycle portion of Table 3.1, which we extend by mapping of letters do

numbers and binary data words:

Letter | Decimal | Binaryi | cu=iG (over GF(2))
v 0 0000 0000000
E 1 0001 0001111
T 2 0010 0010110
A 3 0011 0011001
0 4 0100 0100101
I 5 0101 0101010
N 6 0110 0110011
S 7 0111 0111100
R 8 1000 1000011
H 9 1001 1001100
D 10 1010 1010101
L 11 1011 1011010
U 12 1100 1100110
C 13 1101 1101001
M 14 1110 1110000
VL 15 1111 1111111

Table 3.3: Mapping of letters to binary datawords and codewords.

The user message of 7 letters: “HI DAVE” translates to 7 data words and is encoded to 7x7=49 bits
transmitted. Since the k = 4 define 2* possible datawords, the system is designed to replace all of the
remaining least used characters {F, Y, W, G, P, B, V, K, X, Q, J, Z} with the symbol ‘. as a form of
lossy source compression. This indicates hope, that most of the messages will be readable, if only
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dictionary words are transmitted. The letter “V’; will then be replaced by ‘. So the actual message

transmitted will be: ‘HI DA.E’.

In serial transmission, the whole logical frame will be:

1001100,0101010,0000000,1010101,0011001,1111111,0001111

And will actually be transmitted without any helping separators:

1001100010101000000001010101001100111111110001111

Similarly the errors in the channel:

0oooo001,0000000,0100000,0100001,0000010,0010000,1000000

Will look more like an uninterrupted string:

0000001000000001000000100001000001000100001000000
The receiver then observes the modulo 2 addition, or bitwise XOR of the two strings:

1001101010101001000001110100001101111011111001111
Its first task will be to segment to received string to blocks of length n:

1001101,0101010,0100000,1110100,0011011,1101111,1001111

The next one is to implement the syndrome method for each block. For the syndrome method, the

syndrome table Tab. 3.4 must be present (computed or loaded) in the receiver first:

e s=eH"
0000000 000
0000001 001
0000010 010
0000100 100
0001000 111
0010000 110
0100000 101
1000000 011

Table 3.4: Syndrome table for a systematic [7, 4, 3] Hamming code defined in Example 3.1.
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The actual decoding then follows the syndrome decoding algorithm. We show details for the first
received word, and put the results for the rest in the table below:

1. Based on the received vector r, a syndrome is calculated:

011

10
11
s=rH'=(1 0 0 110 11 1 1|=(0 0 1)
10
01

o O - O -

0 0 1

2. Syndrome is used as an address to the syndrome table to obtain error estimate:
s=(001)=2>e=(0000001)

3. Estimate of the codeword is calculated:
é::r+é:(1001101)+(0000001)=(1001100)

4, Dataword is extracted as a subvector of & : i:(l 0 0 1)

Results for all codewords:

c e r s é ¢ i i i
dec ALPHA
1001100 | 0000001 1001101 | 001 | 0000001 | 1001100 | 1001 9 H
0101010 | 0000000 | 0101010 | OOO | OOOO0O0OO | 0101010 | 0101 5 I
0000000 | 0100000 | 0100000 | 101 | 0100000 | OO0O0OOQOO | 00OOO 0 v
1010101 | 0100001 1110100 | 100 | 0000100 | 1110000 | 1110 14 M
0011001 | 0000010 | 0011011 | 010 | OOOO0O10 | 0011001 | OO112 3 A
1111111 | 0010000 1101111 110 0010000 1111111 1111 15 A
0001111 | 1000000 | 1001111 | 011 | 1000000 | OOO1111 | OOOL 1 E

Table 3.5: Results after decoding. Some errors still occur.

The message then presented to the user at the receiver will be: ‘HI MA.E’

The reader may have noticed that something is not right with the fourth codeword: the actual number of
errors introduced in the transmission was two, even though the maximum number of correctable errors
of the Hamming code is one. This in fact resulted in a wrong decoding. |

As demonstrated by the previous example, the ability to correct errors may seem to be lost in some
situations. In order to gain better understanding of how and when this happens and what actually
happens, we must return back to the definitions of the codes maximum error detection and correction
ability given by equations (3.10) and (3.11):

These limits are coming from the geometry of the code: the k-dimensional subspace of an n-dimensional
vector space. In order to understand it, we must somehow visualize the important aspects of the code
geometry. Fig. 3.3 attempts to do just that by showing two codewords c¢; and ¢, along with vectors that
are part of the n-dimensional vector space, but are not codewords —don’t belong to the k-dimensional
subspace.
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) ¢ — o

b) ¢ — o c,

c) ¢ 0 0 c,

d ¢ 0 0 0 c,

e ¢ 0 ] 0 o c,

Fig. 3.3: Codewords ¢, ¢, separated by: 0 a), 1 b), 2 ¢), 3 d), 4 €) non-codewords.

Based on how many non-codewords are in-between c; and c,, the Hamming distance between c; and ¢
increases:

a) du(c,c2)=1

b) du(cyc2)=2

c) du(ci,c2)=3

d) dH(Cl,C2)=4

e) du(cy,c2)=5

If a code has a minimum Hamming distance dmin, it means there is no combination of any two codewords,
with more that dmin — 1 intermediate non-codewords. This allows for detection and correction on errors,
and also for a combination of both.

As shown in Fig 3.4. a), b), ¢) for dmin = 4 if a 1, 2, 3-bit error affects the transmitted codeword c;, the
resulting received word r is still not a codeword (each arrow represents a single-bit error). Therefore, if
the receiver attempts to verify the orthogonality of r with H, it can detect an error by calculating a non-
zero syndrome value. However, if there are 4 bits in error — case d), the codeword is damaged so badly,
that it actually is another codeword c.. The receiver observes only r and doesn’t know which one of ¢y
and ¢, was really transmitted. The syndrome calculated will be zero and the 4-erronous bits will be
completely undetected. A mirrored picture could be drawn with transmitted codeword c.

r
a) ¢ 0 0 0 c,
r
b) ¢ > 0 > 0 0 c,
r
¢ ¢ > 0 > 0 rl ] c,
r
d ¢ 5 0 5 0 5 0 > ©

Fig. 3.4: Multiple errors introduced in channel: 1 a), 2 b), 3 ¢), 4 d) for du (c1, C2) = 4.
Figure 3.4 demonstrates the first mode of the decoder operation mentioned earlier — the pure error

detection receiver. Let us now analyze the second mode —a pure error correction decoder. Fig. 3.5 should
bring some light into a dmin = 3 situations:
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a) ¢ 0 0 c,
«-_T
b) ¢ — o 0 c,
r
¢ ¢ 0 0 2 c,
r—-»
d ¢ 0 0 2 o

Fig. 3.5: For ¢, transmitted an error is introduced a) and corrected b).
The same principle applies if ¢, is transmitted c¢) and d).

The decoder receives r and is designed to operate based on eq. (3.12): ¢:=arg .. min{d,, (r,c)}.

This means that out of the set of codewords, it selects the one closest to the receiver vector r based on
the Hamming distance. As shown in Fig. 3.5, a) d (r, ¢1) = 1 while dy (r, ¢2) = 2, so the closer codeword
is selected as decoder estimate of what’s transmitted. The dashed arrows in b) indicate this error
correction. Similar situation is shown in ¢) and d), with this time the c, transmitted.

If we recall eq. (3.11), for a dmin = 3 the maximum number of correctable errors is teor = 1, Which is
intuitively compatible with Fig. 3.5. Let us now analyze, what happens if this limit is exceeded. Fig. 3.6
illustrates this eventuality:

r
a) ¢ 5 0 > © c,
r__»
b) ¢ > 0 > 0 c,
r
¢ ¢ 0 0 2 )
«=-=1r
d ¢ 0 < 0 < ¢,

Fig. 3.6: For c; transmitted a double error is introduced a) and erroneously corrected b).
The same principle applies if ¢, is transmitted c¢) and d).

Since the number of errors introduced in the transmission exceeds the correcting capability of the code,
the decoder operating on the minimum Hamming distance principle introduces further errors: If ¢; was
transmitted and double error introduces a), then c, will be decoded b), meaning 3 bits will be in error
after decoding, which is worse than if no decoding was performed at all. Again c) and d) show the mirror
situation for the transmission of c,.

To sum up: even a good ECC might in some situation increase the number of errors. This depends
entirely on the probability of error during the transmission: if the likelihood of error is too high, the use
of an ECC might actually worsen the situation. It is up to the designer of the system to make sure, the
code is used properly.

With these insights at hand, we may finally tackle the third form of a decoder: a decoder that combines
error detection and error correction. This situation is shown in Fig. 3.7 for a dmin = 4 code.
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As mentioned earlier, this operation depends on suitable code parameters, so it won’t work for a dmin =
3 codes:

a) ¢ 0 0 0 c,
ro-s

b) ¢ 0 0 0 2 ¢,

r

¢) ¢ S 0 S 0 2 0 - ¢,
r-_-»

d ¢ 5 0 50— o0 c,

«--T
e) ¢ 0 _ 0 _ 0 2 ¢,

Fig. 3.7: Combined single error correction a), b), with double error detection c).
Triple error causes the induction of a fourth error in the decoder d), e).

Given the minimal Hamming distance decoding criteria, the situation is quite clear in a) where the
receiver word r is clearly closer to ci, and b) where it is closer to c,. Situation depicted in c) is more
interesting: r is exactly in the middle between c; and ¢, (both Hamming distances equal 2) so it is not
possible to correct this error. However, what is possible is to detect, that such a double error occurred.
This detection has its value, since it allows the decoder routine to signal to higher level routines that can
deal with it, perhaps by initiating a retransmission of this codeword. d) and e) then depict the eventuality
of exceeding the maximum error limit, and the minimal Hamming distance decoder will erroneously
“correct them” inducing a fourth bit error. It is necessary to note, that the same dmin = 4 code shown in
Fig. 3.7 could be used with a detect-only decoder, which would tradeoff the single error correction for
an enhanced triple error detection.

Figures 3.3 to 3.7 gave us some understanding of the code and decoding, but do not really provide a full
picture. As mentioned before, the key code parameter dmin determines the error correction and detection
capability of a code. If we recall the weight spectrum of a [7, 4, 3] Hamming code:

w(C) N(c)
0 1
3 7
4 7
7 1

We see that for any given codeword c, there are 7 codewords with Hamming distance 3, and another 7
codewords with Hamming distance 4 (let us now ignore the codeword that is a complete inversion). If
we know this information, couldn’t we design an improved decoder, relatively to the syndrome decoder
presented earlier?

Example 3.5:
Let the transmitted word of a [7, 4, 3] Hamming code be ¢ = (1, 0, 0, 1, 1, 0, 0). Let us choose the

codewords ¢c3=(0,0,0,1,1,1,1)andca= (1,1, 1, 0,0, 0, 0) as representatives of the sets of codewords
with Hamming distance 3 and 4 from c: du( ¢, c3) = 3, du( ¢, Ca) = 4. Let us analyze the situation where
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¢ was transmitted, and the channel introduced 0 to 4 errors, first in the direction of codeword ¢z (suffix
a), then in the direction of codeword c. (suffix b). Fig.3.8 provides visualization:

4a 0011111

3a 3 0001111

2a 0001101

la 0001100

1001100

1b 1101100

2b 1111100

3b 1110100

N 9O —0O —0C —F —0O—0 —6—0

4b 4 1110000

Fig. 3.8: Transmitted codeword ¢ and example received words with increasing number of bit errors.

If we contemplate the information given in previous sections, and recall eq. (3.12) with its decoding
definition: €¢:=arg ._. min{d,, (r,c)}

We see that in the direction a) (from c to cs) this criterion doesn’t introduce any new phenomenon:

if a single bit error occurs (1a) it gets corrected, a double bit error (2b) results of a decoder inducing
additional erroneous bit and resulting in c; as decoder output. A triple error (3a) results in outputting cs
withouth any indication of error, while a quadruple error (4a) is again “corrected” to Cs, S0 in fact one
bit error gets corrected, while three remain.

Looking at direction b) (from c to c4), a single bit error (1a) gets corrected. For a double bit error (2b)
we might be tempted to conclude, that since the Hamming distance here is 4, the word received could
provide additional error detection capability, similarly to figure 3.7. However, this intuition is wrong
because of the following reason: the received word r2 = (1,1,1,1,1,0,0) might be equally far from both
c and cq4, but is actually closer to another codeword, not shown in the figure, to cs’ = (0,1,1,1,1,0,0).
Clearly du(rz,c) = 2 and du(ran,c3’) = 1. So applying a minimum distance decoding criteria, the output
of the decoder will be c3’, again inducing an extra error in the decoder. Similarly an extra error is induced
for a triple error (3b) that gets corrected to ca.

This example serves as a cautionary tale to warn the reader from oversimplifying their analysis: the
geometries of an n-dimensional vector space are usually far more complex than what is clear from
simplified schemes.

Example 3.6:
Use the received codewords from the previous example and decode them using the syndrome method
defined earlier and calculate the Hamming distance between decoded codeword estimates, and the actual

transmitted codeword.

Solution:
Let us reuse the matrices and syndrome table from Example 3.2 to fill the results table:
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# of e r S é ¢ du(c, &)
errors
0 0000000 1001100 000 0000000 1001100
la 1000000 0001100 011 1000000 1001100
1b 0100000 1101100 101 0100000 1001100
2a 1000001 0001101 010 0000010 0001111
2b 0110000 1111100 011 1000000 0111100
3a 1000011 0001111 000 0000000 0001111
3b 0111000 1110100 100 0000100 1110000
4a 1010011 0011111 110 0010000 0001111
4b 0111100 1110000 000 0000000 1110000

AlWbhlwWwwWwwo|O|O

As demonstrated in this chapter, ECC can detect and even correct errors, but are not omnipotent: the
presence of an ECC in a system doesn’t guarantee error-free operation. The actual practical goal of an
ECC is to reduce the error probability, and its success in this task is determined by the existing
probability of error within the system.

Hardvare realization of cyclic codes

In case of cyclic codes any circular shift of codeword is another codeword. Cyclic code encoders are
implemented using binary shift registers. In case of non-systematic codes these are non-feedback
registers, for systematic codes feedback registers. For codeword generation LSFR - Linear Shift
Feedback Register are often used. There are many possible HW implementations. In the next we will be
interested in the canonical form of LFSR - the form with the smallest number of registers.

The generating polynomial has the form:
g0 = gnX" + gn-1X" "+t Xt + gox® g, €{0,1} (3.13)
m = deg{g(x)}
In case of non-systematic encoding the codeword polynomial has the form:
c(x) =i(X).g(x) (3.14)

The general structure of a non-systematic encoder (the so-called fast implementation) is shown in Fig.
3.9.

Out

> Ry R; " Rm

1 X NG xm

Fig. 3.9: General structure of a non-systematic encoder.
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The connections between the register cells will then be given by the values of the coefficients g(x) at
given powers of x:

if gi = 0 then we just link the output R; to the input Ri:1 .

if gi = 1 then between R;i and R;+1 is placed XOR. The second XOR input is connected with the
encoder input.

In case of non-systematic encoding the codeword polynomial has the form:
c(x) =i(x). X +i(x). x* 1 mod(g (x)) (3.15)

The general structure of systematic encoder is shown in Fig. 3.10.

ox— 0,00,..

Fig. 3.10: General structure of systematic encoder.
Note: If the toop switch is in position 2, zeros are fed to the circuit.

Exercise 3.1:
a) Draw the hardware encoder circuit for the non-systematic form of the cyclic code [7, 4, 3], given

generating polynomial is: g(x) = x3+ x + 1
b) Encode the information vector i(x) =x*+x —1i =(1,0, 1, 0).
Solution:

a)

In our case the encoder is shown in Fig. 3.11.

In

Out

R1 R2 R3
1 X X2 x3

A 4

Fig. 3.11: Hardvare realization of [7,4,3] non-systematic encoder.
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b)

Input information enters the encoder MSB first. Prior encoding the encoder is reset — in all registers are
zeros. For Fig. 3.11 we can write the following equations:

Ri(t) =1In(t)

Ro(t + 1) =In(t+1) ® Ry(t) @ = XOR
R3(t + 1) = Rz(t)

Out(t + 1) =In(t +1) @ Rs(t)

The solution is in the following table (boldface is the initial values):

s
N
w

Out

=
=

me

o|lo|o|o|~|o|lr|o|x

~N|o|o|s|w|N|R|o
olo|lo|o|r|o|r| !
o|o|o|r |||k |o|D
o|o|r |k |k~ |lo|lo|D
ol |k |k |lo|o|k|!

0 are zeros necessary to reset the encoder. After t = 7 the result is:

c=(1,0,0,1,1,1,0), c(x)=x® + x>+ x% + x

Verification:

c(X) =i(X).9(x) = (° +X).0¢ +x+1) = x° + x* + x>+ x* + X* + X

=X +xX*+ X +X

Exercise 3.2:
a) Draw the hardware encoder circuit for the systematic form of the cyclic code [7, 4, 3], given
generating polynomial is: g(x) =x3 + x + 1
b) Encode the information vector i(x) =x*+x —1i =(1,0, 1, 0).
Solution:

a)

The systematic encoder is shown in Fig. 3.12.
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o%k— 0,0,0,..

Out

/—)

1

Fig. 3.12: Hardvare realization of [7,4,3] systematic encoder.
b)
Note: After all information bits input the encoder both switches are switched to position 2.

Input information enters the encoder MSB first. Prior encoding the encoder is reset — in all registers are
zeros. For Fig. 3.12 we can write the following equations:

Riy(t+1) =In(t + 1) ® Ra(t)

Ra(t + 1) = In(t + 1) ® Ra(t) @ Ru(t)

Rs(t + 1) = Ra(t)

Out(t + 1) = In(t + 1 after switches are switched to position 2 the output is taken from Ra(t + 1)

The solution is in the following table (boldface is the initial values):

time | In | R1 R2 | R3 | Out | switch
0 - 0 0 0 - 1
1 1 1 1 0 1 1
2 0 0 1 1 0 1
3 1 0 0 1 1 1
4 0 1 1 0 0 1
5 0 0 1 1 0 2
6 0 0 0 1 1 2
7 0 0 0 0 1 2

0 are zeros necessary to reset the encoder. After t = 7 the result is:
¢=(1,0,1,0,0,1,1), c(X)=x8 + x*+x+1
Verification:
c(X) =i (x). X +i(x). x* ¥ mod(g (x))
= (x*+x).x° + (x* +x).x* mod(x® + x +1)
=X+ x" + (x® + x")Ymod(x®* + x +1)

=x*+x*+x+1
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# Coding and decoding of [7, 4, 3] Hamming code is analyzed in [8] in the TIMS experiments:
“Block coding & decoding”, Emona TIMS Volume D2 — Further & Advanced Digital Experiments,
experiment: D2-07 and “Block coding & coding gain”, Emona TIMS Volume D2 — Further &
Advanced Digital Experiments, experiment: D2-08.

Convolutional codes

Convolutional codes are the most important of all trellis codes. Mostly they are used concatenated with
block codes. They are suitable to correct independent errors. Convolutional codes are described by 3-
tuple: (n, k, K), where n is the output n-tuple produced each time the input k-tuple enters the encoder.
Most often these codes are constructed as binary, then k = 1. In the next we will assume binary
convolutional codes. K = m is the constraint length, representing the length of the shift register of the
encoder. An example diagram of the convolutional encoder is shown in Fig. 3.13.

Fig. 3.13: Block diagram of a convolutional encoder.

It consists of m-stage shift register, n modulo-2 adders (XOR circuits) and n-poles commutator. Each
time one bit enters the encoder, the commutator runs over all n-poles and produces the output n-tuple.
The output n-tuple is generated based on the input bit and m —1bits stored in the shift register. The
measure of the added redundancy is expressed as the code rate: R, =k/n. Unlike block code, in
convolutional code it is necessary to reset the encoder after all the information bits of the message have
passed through the encoder. (The information sequence is periodically divided into fixed-length blocks
(frames), so the encoder must be reset after each block). This creates a "tail" which is essential for proper
decoding. This tail reduces the code rate. To reset the encoder, a tail that is one zero shorter than the
number of cells in the shift register, i.e., m—1zeros, must be appended to the message. This will result
in a corresponding longer tail also in the encoded sequence and the code rate will be reduced to “effective
code rate” R, , where | is the length of the input block.

I xk

- (I+m-1)xn (3.16)

Rkeff

In practice: 1] 1, then R [l R, and R =1/n = convolutional codes can only have a code rate
from the set {1/2, 1/3, 1/4,...}.
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Convolutional encoder can be represented by several equivalent ways:

hardware representation (a circuit diagram)
connection vectors

connection polynomials

impulse response

state diagram

tree diagram

trellis diagram

No ook~ wbdeE

Description of convolutional codes
Exercise 3.3:

1. Let’s have a convolutional encoder defined by the circuit diagram shown in Fig. 3.14.

=

in out

Fig. 3.14: Convolutional code encoder circuit.
. . 1
It is obvious that: K =3and R, = 3

2. Representation by connection vectors: if the corresponding register cell has is connected to the
adder, the corresponding coordinate of vector is 1, otherwise is 0. Connection vectors are
numbered accordingly to the commutator. In our case:

g, =[10,0]

G2 = [1’ 0’1]

g;=[111]
3. Representation by connection polynomials: if the corresponding register cell has is connected
to the adder, the corresponding coefficient of the polynomial is 1, otherwise is 0. Connection
polynomials are numbered accordingly to the commutator. The degree of each connection

polynomial is <K —1. The lowest power corresponds to the input cell of the shift register. In
our case:

gl(X) =1
9,(x) =1+ x°
05 (X) =1+ x+X?
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In literature convolutional encoders are described using octal notation. The analyzed encoder
could be then expressed as: (1,5,7)oct. In case that the degree of g(X)is O then we have a

systematic encoder. In this case the first bit of the output n-tuple is the input bit. Encoding the
input sequence using individual generating polynomials produces encoded sequence associated
with each of the commutator input. The resulting encoded sequence is obtained by writing off
the coefficients of the individual output sequences at the same powers, in the order the

commutator goes. Let encode the input sequence: i(x) =1+ x*. In our example:

G (x) =i(x)g,(x) = (1+x°)1=1+x
c,(x) =i(

c;(x) =i(x)g;(x) :(1 +x2)(1 +x+x2) =1 +x+X°+xX+x+x' =1 +x +x*+x*

>

)9,(X) = (L+X*)(1 +x*) = 1 +X*+x* +x* = 1 +x* > additionmod2

c(x): IxX° +0x+1x* +0x® +0x* — ¢, (X)
1X° + 00X+ 0x* + 0x® +1x* —> ¢, (X)

1X° +1x+0x% +1%° +1x* — ¢ (%)

c(x) = (1,1,)x° +(0,0,1)x + (1,0,0)x* + (0,0,1)x* + (0,1,1) x*
€ =111 001 100 001 011

tail for resetting the encoder

4. The impulse response — it is the response of the encoder to the special input — a single bit that

moves through the encoder. Let assume the same input as in the previous case: i =101
register output
100 111
010 0 01
001 011

In case that one 1 moves through the encoder (the impulse response) is: 1 — 111 001 011. In
case that one 0 moves through the encoder the output is: 0 — 000 000 000 . Therefore for our

input:
1 111 001 011
0: 000 000 000
1 111 001 011

C= 111 001100|001 011

the tail for resetting the encoder

The output sequence is the convolution of the impulse response and the input sequence [convolution
in digital form is shift and add]. A convolutional coder is essentially a binary linear FIR transversal
filter, and its output is the convolution of the input vector and the impulse response.
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5. The state diagram - it is based on the idea of the coder as a finite automaton. We define the state of
a convolutional encoder by the contents of its last K —1, which are all to the right. If we know the
state of the encoder (the contents of the register) and the next input bit, we can determine what the
output will be. In our example, the output is given by the input bit and the last 2 bits of the previous
state => 4 possible states in the state diagram (22). Generally the number of states in a state diagram

for binary convolutional code is: (K —1)*. A state diagram is a graph showing all possible states of

the encoder and all possible allowed transitions between each state. However, this description is not
very suitable for describing encoding over a long period of time. The state diagram of the analyzed
code is shown in Fig. 3.15.

state
[1]0[0] | 010 i branch output
00[0) [O[1]1] / register content
1100~
- [

input bit: 11 1[1[0
0—— PR
1--ooes g (101"

\\\ ﬁ

Fig. 3.15: State diagram for the convolutional code encoder circuit defined in Fig. 3.14.
Note: it is assumed that content of the register prior encoding is: 000.

6. The tree diagram - it is essentially an extension of a state diagram with a time dimension. The nodes
of the tree correspond to individual states and branches correspond to outputs. From a certain point
in time, certain regularity appears in the tree diagram: i.e., the top and bottom halves of the tree are
the same. We assume the same initial state: 000. The tree diagram of the analyzed code is shown in
Fig. 3.16.

Note: if the input bit is 0 we are moving up in the diagram and if it is 1 we are moving down. In the
following example in red it is encoded the input sequence: 101 + 00 — for resetting the encoder. To
encode the given sequence we follow the diagram correspondingly to the input bits and readout the

branch values for the corresponding time slots. In our case the input is: i = (1,0,1). The output is:
€ =111 001 100 001 011

tail for resetting the encoder
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t1 t2 t3 t4
000
000 [ 00)
111
000 | 200)
001
000 | 00y L1 Toio)
110
011
001 oo
111 100
c(10)
010
10 [y,
101
a(00)
000
011,00
111
001 | b(01) 011
100 2L b01)
c(10)
110
111 | <(10) 011
010 1 o1y
100
——a(11)
010
101 o
101

Fig. 3.16: Tree diagram for the convolutional code encoder circuit defined in Fig. 3.14.

a(00)
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7. trellis diagram - A trellis is actually a tree diagram in which identical states at a particular time t; are
merged and represented by a single node. In our case the trellis looks as follows. In the following
example in red it is encoded the input sequence: 101 + 00 — for resetting the encoder. To encode
the given sequence we follow the trellis correspondingly to the input bits and readout the output for

the corresponding time slots. In our case the input is: i =(1,0,1). The trellis diagram of the
analyzed code is shown in Fig. 3.17. The output is: € =111 001 100 001 011

tail for resetting the encoder

state ~ output

l 000 000 000 000

00 @& 0 Ha0 input bit:
Qg ——
1 e »

01

10

11

Fig. 3.17: Trellis diagram for the convolutional code encoder circuit defined in Fig. 3.14.

Error correction capabilities of convolutional codes

The ability of linear block codes to correct errors was related to the Hamming distance between
codewords. Similarly for convolutional codes, with the difference that codewords are semi-infinite
sequences of bits. Thus, if we consider the total distance, we would find that all the different codewords
have infinite distance. This, however, is of no practical significance. Therefore, it is more useful to know
the distance characteristics on finite codeword sections. Due to linearity, it is sufficient to examine the
distances of all codewords from the null sequence without loss of generality (which is the same as
examining all the distances from a particular codeword to the rest of all the others). Thus, we assume
that a null codeword has been transmitted. Then a decoding error will occur if the decoded received
sequence is closer to another codeword sequence than to the null sequence. If we label the branches in
the trellis with the respective Hamming distances of each branch from the null sequence, we see that the
sequences separate from the null sequence and then rejoin with it. The minimum Hamming distance in
the set of arbitrarily long sequences that are separated from the zero sequence and then rejoin to it is
called the minimum free distance - dree.

Relation of the number of maximum correctable errors (per constraint length) is:

t= [‘HJ (3.17)
2

The minimum free distance of a given code can be computed using the so-called transfer function. The
transfer function expresses the response of the encoder to a particular input:
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T = o.utput
input

Convolutional encoder is a final state automaton — it does not have the input and output. In order to
obtain input and output we split the initial state (usually 000...) into two identical states. From our
previous example we will modify the existing state diagram to obtain new states:

e “a” will represent the input
e “e” will represent the output

In the original state diagram we will split state 00 as is shown in Fig. 3.18.

011 -.. 100
new state “e” [0[0]1] \
output 1 001 \\
\ [O[1[0] ™

110
new state “a”
. 11 -7 m
input ‘ I
¢ 101!
.. A

Fig. 3.18: Splitting of a state of the state diagram.

In the split state diagram each branch is evaluated using an auxiliary variable D such that the exponent
of D expresses the Hamming distance of that branch to zero branch (i.e., the number of non-zero
elements). We do not draw the loop around zero in the new diagram because it does not contribute to
the distance to the null codeword. Modified (split) state diagram now has the input and the output and

is shown in Fig. 3.19.

-
[

=

D? d

3 J ¢ S b |— e
3
D D D

[

Fig. 3.19: State diagram with split state.
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Next we have to write the state equations. We construct the state equations by expressing the individual
state variables X; in terms of the evaluated (using the variable D) branches entering a given state. | our
case:

X, =D*X, + DX,

X, = DX, +DX,
X, =D’X_+D’X,
X, =D’X,

. . . X
The transfer function is the function of variable D: T (D) =—=%_ Next we have to express Xe and Xa
a
from the state equations:

X, =DX, + DX,
X, =DX_ +DX, = X, = DX,
X, =D?X_+D?X,

xe:szb:xf%

Then:

X, =D?X, :DZ(DXC+DXd):D3(XC+Xd):D3(XC+DXb):D3(XC+D Xej=D3£xc+%J

D2
= D3(D3Xa +DX, +%)= D3(D3Xa+%+%j= D?(D*X, +2X,)=D°X, +2D°X,
DG
1-2D?

Finally: T (D) :% =

Next we have to perform polynomial division:

D°:1-2D% =1D° +2D® +4D"™ +8D™... => There is 1 sequence with Hamming distance 6

—(1D® —=2D8 which deviates from the zero sequence and then rejoins
( ) \ . nd the
G it, there are 2 sequences with Hamming distance 8
2D which deviate from the zero sequence and then rejoin
—(2D® -4D") it, there are 4 sequences with Hamming distance 10
4D which deviate from the zero sequence and then rejoin it
—(4D"™ —8D"%)

8 D12

Path with the minimal Hamming distance which deviates from the zero sequence and it rejoins it (in our
case the sequence of states: acbe = a) has: d, ., =6.

free
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d free 1 6 - 1 . . . - H
t= 5 = > =2 — it means this code is capable of correcting 2 errors on one constraint

. i 1 . L .
length— it corrects 2 bits on the sequence of KR—=3><3=9b|ts. For practical implementation,
k

typically 3+5 constrain lengths are stored in memory. Expressing d,.. using T(D) for large K is

elaborate because the complexity of T(D) increases exponentially with K.

The transfer function T(D) can also provide other information besides Hamming distances of different
paths. Let introduce an additional variable L into each branch of the state diagram such that the exponent
of L in the transfer function serves as a count of the number of branches in any path from state "a" to
state "e". An additional variable N in each branch will indicate a transition caused by input bit 1, so the
exponent of N in the transfer function is cumulatively incremented only if that transition was caused by
input bit 1. The modified state diagram for our example is shown in Fig. 3.20.

DELN/// d 19 \\DL
SN

9 00 : >C 10 b 01 € 0o

DLN DL D2L?

Fig. 3.20: Modified State diagram.

State equations:

X. =D’LNX, + DLNX,

X, = DLX, + DLX,

X, = D’LNX_ + D’LNX, = X, = DNX,

X, =D? LX, = X, X,
D L
X, =D’LX, =D L(DLX +DLX,)=DL?(X, +X,)=DL*(X, +DNX,)
=D3? X, +DN =D Lz( X,
DL
:D3L2 3 . >(2e + Xe :D3L2 D3LNXa+LNxe+NXe
DL DL DL

_ i (DLENX, + X, (LN + N))
DL
= D°L’NX, + D?L(LN + N)X,

=D’L[ D*I’NX, + X, (LN +N)]

X, _ D3N
X, 1-DL(L+L)N

a

X,[1-D’L(LN +N)|=D°L’NX,, =
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T(D,L,N)=D°L’N :1-D’L(1+L)N =D°L°N + D°L*(1+ L)N? + DL (1+ L)’ N° +...
—(D°L°N - D°L*(1+L)N?)

DL (1+L)N? ' "
~(D°L* (1+L)N2 = D®L5(1+ L)?N®)
DL (L+L)*N? ---

*

in trellis exists 1 path of length 3 (L®), with Hamming distance 6 (D°®), that differs in 1 (N*) bit from the
zero sequence

**

in trellis there are 2 paths with Hamming distance 8 from the zero sequence, 1% path has length 4 (L%,
2" path has length 5 (L), these paths differ in 2 bits from the zero seq. (N?)

*kx

in trellis there are 4 paths with Hamming distance 10 from the zero sequence, 1st path has length 5 (L°),
2 paths have length 6 (2 L®), 1 path has length 7 (L7). These paths differ in 3 bits from the zero sequence
(N3) ...

Decoding of convolutional codes

The output of the detector z(T) can be configured in two ways:
0
1. z(T)= <1 - in this case we are talking about hard decision decoding

2. z(T)is quantized to more than 2 levels — usually >8- in this case we are talking about soft
decision decoding. In this case the output z(T ) represents the probability of z(T)to be 0 or 1.

The soft decision decoding has greater coding gain than the hard decision decoding but it is more
complex. An algorithm which minimizes the error of the output decoded sequence is Viterbi algorithm.
In the next will be described hard decision decoding using Viterbi algorithm and the encoder described
above.

For an easy following the decoding process it is useful to display one part of a trellis with complete
transitions is shown in Fig. 3.21.

Fig. 3.21: The complete trellis segment for the code defined in Fig. 3.14.
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The input bit stream from the detector has to be partitioned into n-tuples of bit, where n is the size of the
output n-tuple. The assumption is to have a reset decoder. The next step is to draw an empty trellis with
so many time intervals as we have the input n-tuples. Let have the following input sequence from
detector: 111 101 101 001 011. Since the decoder is reset we have to start from the state 00. In time t;
we received 111. From state 00 we can go to the state: 00 or to 10. If we go to 00 the Hamming distance
between the received 3-tuple 111 and the 00 to 00 transition is 3. In time t; the other possibility is to go
from state 00 to 10. This transition has Hamming distance 0 between the received 3-tuple 111.

Exercise 3.4: Progress of hard Viterbi decoding.
a) at ta:
from detector

}

111 101 101 001 011
3
00 &———o ) ] ® ]
o
0oL e e ° o ] ]
10 e » ° . ° °
11 e ] ) ] e ]
I t 13 1y ts

b) at t, — Hamming distances of transitions are cumulating:

111 101 101 001 011
3 5
00 e——>o—— e ° ° °
‘\ .\‘\‘?
)
01 e ° ) °
10 e [ ] [ ] [ )
1 @ . Tue ° ° °
7 t f 7, 15

C) at t3 — to the each of the last states (timewise) enter two transitions. In order to keep only surviving
paths, transitions with higher Hamming distance are cancelled out. In case of equal distances it does not
matter which one is cancelled:

111 101 101 001 011

0 e— o o
\\\O

01 e N ° °

10 e ) °

11 e ® ®
h 14 ts
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d) at ts:

111 101 101 001 011

00

01

11

e) at ts:

00

01

11

On the right side we see the cumulative Hamming distances (weights) of the surviving paths at time ts
The resulting number show the number of errors accumulated during that particular sequence. At this
time the decoder stops and selects the surviving path with the lowest weight — in our case 2. Decoder
follows this survived path backwards to time t; . As it proceeds along this path it outputs bit sequence
corresponding to the elements of the survived path according to the state (or trellis) diagram. From the
figure bellow can be seen that the decoder corrected two errors in one constraint length, what

corresponds with theory.
errors

SN

survived path

00

01

11

111 001 100 001 011 «<— from decoder

Fig. 3.22: The result of Viterbi decoding.
[ |
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Convolutional codes with catastrophic error propagation

In case of catastrophic error propagation finite number of input errors will cause an infinite number of
errors at the decoder output. Any systematic convolutional code is hon-catastrophic. In the following
example we will show a catastrophic convolutional code. Let have the following hardware realization
shon in Fig. 3.23.

=

M

Fig. 3.23: A catastrophic CC encoder circuit.

Generating polynomials are: g, (X) =1+ X 9,(X) =1+ x+ x> +x°

Let have the input sequence in the form: i(X) = % =1+ X+ X2+ X +--or i =(1,11,--)
+X

Then:

cl(x):i(x)gl(x)zﬁ (1+x)=1 and cz(x)zi(x)gz(x)zﬁ L+ x+X*+x%)=1+%°

The resulting code sequence is:  ¢(X)= (L)X’ +(0,00x+(0,1)x* +(0,0)x* +--- or
€ =(20,0,0,1,0,0,0---) — the Hamming weight of the output sequence is finite (W(C) = 3) in spite
of the fact thatw(i ) = oo. In case that in the channel error vector € =(1,1,0,0,0,1,0,0,0---) occurs
then it is obvious that the decoded sequence is a zero sequence (iL:G). If we now measure the

Hamming distance between the sent and received sequence W(i —i)=oco. It means finite number of
errors (W(€) = 3) in the channel case an infinite number of errors at the decoder output. It is possible

to show that if the generators polynomials have a common polynomial factor of degree at least 1, then
the code is catastrophic.

# Coding and decoding of a simple convolutional code is analyzed in [8] in the TIMS experiments:
“Convolutional coding”, Emona TIMS Volume D2 — Further & Advanced Digital Experiments,
experiment: D2-09.
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Lab 3.1: MATLAB exercises - Hamming codes

Unless explicitly allowed in the exercise, the use of any form of cycles or toolbox functions in the
implementation is prohibited. Using the vector features of MATLAB is mandatory. Let us not use the
Galois toolkit, instead we interpret the deault double type storing only integer values 0 and 1 as a
binary matrix.We can then easily emulate GF(2) calculation using the modulo 2 operation provided by
the mod () built-in. Furthermore, in this lab we often intentionally store a set of vectors inside one
variable — a matrix. We do this in a (for MATLAB) suboptimal row-wise fashion.

Open the provided source file 1ab3.m in MATLAB and use it as a unit test for your implementations
of the following exercises.

MATLAB Exercise 3.1.1: Hamming code parameters
Write a public function given the prototype: function [ n, k ] = HammingCodeNK( r )
that finds the codeword size N and data word size K for a given parameter r of a Hamming code.

MATLAB Exercise 3.1.2: Hamming code matrices

Write a public function given the prototype: function [ H, G ] = HammingCodeHG( r )

that finds the parity check matrix H and generator matrix G for a Hamming code defined by its parametr
r. Both matrices must be in systematic form and the orientation of the matrices should facilitate the use
of a row-vector data word representation. Do NOT use the toolbox function hammgen ().

MATLAB Exercise 3.1.3: Matrix orthogonality test

Write a function given the prototype: function ort = areOrthogonal( G, H )

that tests the orthogonality of binary matrices G and H, specified as parameters The function should
return a logical 1 if matrices are orthogonal, O otherwise.

MATLAB Exercise 3.1.4: Find all codewords of an LBC

Write a public function given the prototype:

function Codewords = findAllCodewords( G, datawords )

that finds all codewords for a given LBC generator matrix G. The second argument is optional, and
specifies the data word set in a matrix, with datawords stored row-wise. If the second parameter is
present, findAllCodewords ( G, Datawords ) justencodes these using the matrix G. In both
cases the resulting binary codewords are stored as rows of a single output matrix. For Octave
compatibility, do NOT use the toolbox function encode () .

MATLAB Exercise 3.1.5: Compute syndromes

Write a function given the prototype:

function Syndromes = computeSyndromes( H, words )

that computes syndromes for a given matrix of row-wise stored binary words and parity check matrix
H. Store resulting syndromes row-wise in a single matrix.

MATLAB Exercise 3.1.6: Find code spectrum

Write a function given the prototype:
function [ Spectrum, dmin ] = findCodeSpectrum( G )

that finds the distance spectrum of a LBC specified by its generator matrix G and returns it as a row
vector of length N, in which the value at index i stores the number of codewords with Hamming weight
i. Optionally it also finds the minimum Hamming distance and returns it as a second output.
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MATLAB Exercise 3.1.7: binary combinations matrix

Write a function given a prototype: function Errors = findGF2Combinations( n, k )

that finds all GF(2) vectors of length n, with exactly k nonzero entries and stores all these vectors row-
wise in single output matrix.You may use the functions nchoosek () and sub2ind() in your
implementation.

MATLAB Exercise 3.1.8: all error vectors
Write a function given the prototype:

function ErrorVectors = findAllErrorVectors( n, tcor )
that finds all possible erros vectors for a syndrome table decoding: For a given codeword size n, and

maximum number of correctable errors tcor, generate all error vectors - generate all combinations of
binary vectors with number of ones between 0 and tcor (including). Store these as rows in a matrix.

MATLAB Exercise 3.1.9: Syndrome table

Write a function given the prototype:

function SyndromeTable = findSyndromeTable( H, dmin )

that finds a syndrome table useful for syndrome decoding of an LBC defined by matrix H.

The Resulting syndromeTable must a structure of two matrices:
SyndromeTable.Words - contains all possible error words
SyndromeTable.Syndromes - contains corresponding syndromes

This table will be used for mapping error words to syndromes and vice versa. Use the implementation

of the function findGF2Combinations ( n, k ) from the previous exercise.

MATLAB Exercise 3.1.10: Syndrome decoding

Write a function given the prototype:
function CodewordEstimates = decodeSyndromeMethod( H, syndromeTable, Received )

that decodes received vectors - codewords of an LBC potentially affected by errors, using the syndrome
method.

The syndrome table structure is defined in the previous exercise. The third parameter is the set of
received binary words to be decoded, stored row-wise in a single matrix. The resulting codewords
estimated are stored in the same fashion. You may find the function ismember () helpful in your
implementation.

MATLAB Exercise 3.1.11: Test syndrome decoding with predictable errors

Use repmat () to duplicate the error vector matrix from Exercise 8 to match the size of the codewords
matrix from Exercise 4 and sum them ( modulo 2) to obtain a set of erroneous receiver vectors, stored
as rows of a single matrix. Test your syndrome method decoder using this received matrix: all codewords
should be decoded sucessfully and all errors should get corrected.

MATLAB Exercise 3.1.12:Hamming distance
Write a function given the prototype: function dh = dHam( Word, Words ) that calculates Hamming
distances between the vector word, and all words in matrix Words stored as rows.If matrix is in fact a
vector, a single Hamming distance is computed.
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Chapter 4: Signal analysis
Signals and their characteristics

According to the probability of their occurrence over time we can divide signals into two big groups:

1. Deterministic - which can be further divided into:
a) Periodic: — harmonic/inharmonic
b) Non-periodic
c) Quasiperiodic
2. Random (stochastic) - which can be further divided into:
a) Non-stationary
b) Stationary
c) Ergodic

Deterministic signals: are signals that can be described by a suitable time function that corresponds to a
particular transmitted message.

a) Periodic signals: can be described by harmonic functions: sin/cos. Their mathematical
description satisfies the condition:

f(t)=f(t+nT), where:te(—0,o), neZ, T is period 4.2)

An example of harmonic and inharmonic signals is on Fig. 4.1:

f(t) A
/\ fit)

t 7
T

>
T

Fig.4.1: harmonic signal (left), non-harmonic signal (right).

Periodic signals can be decomposed by Fourier series into the sum of harmonic signals:

fty= > F el where: Q =nQ,. (4.2)

N=—o

Their spectrum is discrete, see Fig.4.2.
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A}J L

v
2

0 o © 0 Q
Fig.4.2 An amplitude and phase spectrum of signal: x(t) = A cos (€2, t).
b) Non-periodic signals: their mathematical model is a time function defined on:
- afinite interval: t e(t,,t,)
- a semi-infinite interval: t € (t,0)

outside these intervals, the function has zero value. Their spectrum is continuous.

c) Quasiperiodic signals: are created by the sum of a set of harmonic signals, which does not satisfy
the periodicity condition-that is, for at least one pair of frequencies, their ratio is an irrational
number:

ft)=> Fe'™ but Q #kQ (4.3)

k=-c0

According to the mean normalized power or energy we can divide signals into two big groups:

1. Power signals
2. Energy signals

1. Power signals - have a non-zero but finite mean normalized power: 0 < P, < oo — (the subscript

"x" denotes normalization at resistance R = 1Q)
u? .
Note: P=U | = IZRZF' iff R=1Q—P =x?, where x can be U or I.

Mean normalized power for a real signal X(t) with a period T > 0 can be expressed as:
T

12,
az?ixmm W] (4.4)
2

P, is the mean normalized power dissipated on the load during a finite time interval: <_T,T>.
2 2
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The following classes of signals belong to power signals:
* Periodic signals
* Quasiperiodic signals
* Stochastic signals

Their spectrum is discrete and we can calculate it using Fourier series.

2. Energy signals - have a non-zero but finite mean normalized energy: 0 < E, <o

Mean normalized energy for a real signal x(t) :

E = T X2 (t)dt [J] (4.5)

—00

In practice, we are mostly interested in the mean normalized energy dissipated at the load

R =1 during a finite time interval <_TE : %> , where T is the symbol period:

El X2 (t) dt (4.6)

I
—yro |

=

To energy signals belong:
e Non-periodic signals

Their spectrum is continuous and we can calculate it using Fourier transform.

PSD (Power Spectral Density) - expresses the distribution of signal power in the frequency domain and
indicates how much signal power is per [Hz| of bandwidth. It is denoted by G, (f). Formally:

G, (f)=|X(f )|2 [W / Hz], where X (f)is the amplitude spectrum of the signal.

For real periodic signals: G, (f) = Z |Cn|2 o(f —nf,), where n is the harmonic component index.

n=-—o

ESD (Energy Spectral Density) - expresses the distribution of signal energy in the frequency domain
and indicates how much signal energy is per [Hz| of bandwidth. It is denoted by ., (f). Formally:

w, (f)=|X(f )|2 [J / Hz], where X (f)is the amplitude spectrum of the signal.

Time domain and frequency domain are two different views of the same thing, see Fig.4.3.

69



4 amplitude

x(®) [V]

o
v

" time
t[s]

frequency domain view
(spectral analyzer)
fu \/ U

time domain view
(oscilloscope)

frequency
f[Hz]

Fig. 4.3: Time and frequency domain.

Therefore, it is logical that the power/energy of the signal in the time domain must be equal to the

power/energy of the signal in the frequency domain. This is formally expressed by Parseval’s
theorem:

.
2 @
Real power signals: P, =% I X*(t)ydt= > |Cn|2 X(t) <« c,| (4.7)
_TE N=—o0
. . _ K 2 _OO 2 FT
Real energy signals: E, = j X2 (t) dt = j IX(F)df  x(t) < X (f) (4.8)

Then:

P = TGX(f)df =]CGX(f)df ,or: P, = TGX(f)df =ZTGX(f)df
RN NG

) ) ) double-sided
double-sided  single sided

E, = | w,(1)df =)y, (D) ,or: E, = [ y,(£)df =2y, (£)af
L VRN NG,

double-sided  single sided double-sided
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# Parseval’s theorem is analyzed in [9] the TIMS experiment: “Parseval’s Theorem: Relationship

between time & frequency domain”, Signals & Systems Experiments with Emona TIMS Volume
S1 - Fundamentals of Signals & Systems, experiment: S1-13.

Exercise 4.1:

Calculate the mean normalized power of signal: x(t) = Acos (27 f,t) in:
(@) Time domain
(b) Frequency domain

Solution:

a)

We applied the formula: cos® x = 1(1+ Cos 2X)

T T T
2 2 2 2
p-1 sz(t)olt:l [ Az cos? (22 fH)dt =2 | (1+det -
T4 T IRAY 2
2 2 2
T T
2T s 2 [ «j 2 2
i ltjlz +i M :i (I+Ij+ 1 (Sln(472' fOI)—Sin(—47Z' fol)j =
T2 v 21| 4nf, |+ 2t|\2 2) axf, 2 2
2 2
2 2
AT osinar iy = A
21| " art, 2
b)

We have to determine the complex Fourier coefficients, what is easy since we have a monochromatic
signal with power spectrum:

lx (/) =psD

F 3

AE

4

" 7 "/

Fig. 4.4: Two-sided PSD of a cosine signal.

In general: [c,| = %,/anz +h7.
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In our case: a=0 -thereisno DC component
ai=A
bo =0 - cos(x) is an even function

1 2 2 2
clzc_lzg (then: B.=Y"[c,| :2X|Cl|2:2><(§j _A

n=-1

Exercise 4.2;

The amplitude spectrum of a real periodic signal representing a voltage is given in Fig. 4.5. Calculate
the power of the signal in [dB] dissipated on a real load R = 0.1 [QY].

A lcn| V]

Fig. 4.5: Two sided PSD of a sum of harmonic signals.

Solution:

The easiest way is to use a frequency domain:
6
P.=> o, =6°+2x(47+3 +2°+1° +1° +1°) =100 [W]
n=-6

P % _ % 1000 P, [dB] =10 log, (1000) = 30 [dB]

Exercise 4.3:

. t
For a signal: x(t) = Arect

0

, A>0, Ael calculate:

a) ESD
b) Ex using frequency and time domain

If A=1and To = 1 then the signal looks like in Fig. 4.6.
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0.5

-z -1 -0.5 0.5 1 2

A
Y

Ty

Fig. 4.6: A rectangular pulse — time domain.

Solution:

a) Since: ESD =y/(f) = |X (f )|2 we have to first calculate the amplitude spectrum:

To Ty

0

_ 2 . e i2rtt 2
X(f)= I x(t)e 1 "dt = I Ae ¥ ftdt = A[ : } -
TO

—00

2 2
LT T . T,
—JZﬂfEO_eJZHfEO sin2zf -2

_ = AT, 2 _ AT,
—j2rf 7 1T,

e sin 7 fT,

= AT, sinc(fT,) = AT,si(x fT,)

0
Then: ESD =y (f)=|X(f)|" = ATZsinc®(f T,), see Fig. 4.7.

b) Using frequency domain: E, = J.z,//(f)df :j |X(f)|2 df :I AT ?sinc®(f T,)df = AT,

—00

This integral can be evaluated using e.g. Mathematica or MATLAB.

1 2 3

Fig. 4.7: ESD of a rectangular pulse.
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Using time domain: E, = |

Autocorrelation function and spectral density

T To
2

To

2 2

o0

Energy signals: R, (7) = J X(t)x(t+7)dt

—0o0

Properties of R, (7):

Power signals: R (7) =

R () =R, (=7)
R.(7) <R,(0)

R () =y, (f)
R, (0)=E,

A w bdpoE

o |

Tl x(t)x(t+ 7)dt

N =

Properties of R, (7):

R(7)=R.(~7)
R.(z) <R,(0)
R,(7) «——G,(f)

R,(0)=P,

A w0 poE

Properties of spectral densities:

a) ESD

1.
2.

w,(f)=0
!r//x(f):l//x(_f)

[ w,(f)f =E,

v, (f)—F—R,(7)

T

2
X (t)dt = j A%dt =A® [-‘L[-T—Oﬂ = AT,
TO 2 2

b) PSD
1. G (f)>0

2.G,(f)=G,(-f)

3, TGX(f)df =P,

4. G, (f)—E"5R (1)
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Exercise 4.4;

a) Calculate the autocorrelation function of a signal: x(t) = Acos (27 ft),

A>0, Aell
b) Calculate the mean normalized power using the property #4 of R, (7)
Solution:
a)
TS TS
12 12
R/(1)=— j X(Ox(t+)dt=— j Asin(2r ft) Asin[27 f, (t + 7)]dt
s T s T
2 2
TS
A2 2
=T j sin(2z f.t)[sin(27 f t) cos(27 f,z) + cos(27 f t) cos(27 f.z) | dt
s T
2
TS
AZ 2
=1 I sin®(2x f t)cos(2x f.7) +sin(2x f t) cos(27 f ) cos(2x f,7)dt

N

T

A2 2 AZ
=——cos(2rf,7) [ sin*(2x ft)dt =—-cos(27 ,7)
S Ts

2

2
b) szRx(0)=A7

Exercise 4.5:

Find the autocorrelation function of the function x(t) shown in the Fig. 4.8.

Fig. 4.8: A rectangular pulse — time domain.
Solution:

One way is to find an amplitude spectrum of the given function, then calculate ESD and use the inverse
Fourier transform to find the autocorrelation function. The other way is to use the definition:
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The autocorrelation function must be calculated over all significant displacements — in this case 2:
1

—+T
2

For: 7 €(-1,0): R ()= [ Ixldr=1+7
1

tal]

x(?)
t

v
~

For: 7€(0,1):

x(5)

....................

-1/2 0 T1/2 T 1

The resulting Ry(7):

-1 1
0
Fig.4. 9: Autocorrelation function of a rectangular pulse.
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Signal bandwidth

In order to control the degree of interference between devices sharing the same (or adjacent) frequency
band in a defined way, it was necessary to introduce (application-specific) frequency band definitions.

The PSD of real signals (valid for most digital modulations) has the shape of the square of the si(X)
function:

smhu—nﬁ%z “s)

GA”:T{ 2(f = )T

where f; is the carrier frequency, T is the pulse period.

Practical Frequency band definitions:

1. Half-power bandwidth: W, - the bandwidth within which the PSD drops to half of the

maximum value (i.e. by 3 [dB])
2. Noise-equivalent bandwidth: W, - is the bandwidth of a Nyquist filter, with the same gain

in the passband as the real system, which passes the same AWGN power as the real system:

F)n :WNE xGx(fc) :>WNE = G (nf ) (410)

3. Null-to-null bandwidth: W

null—to—null
PSD maximum. It is the most widely used definition of bandwidth since it is the easiest to
measure; it can be read directly from a spectrum analyzer.

4. Fractional power containment bandwidth: W, - is the band in which 99% of the signal

- is the bandwidth defined by the first zeros around the

power is located, such that 0.5% of Py is above the upper cutoff frequency f, and 0.5% of
Py is below the lower cutoff frequency fi.

5. Bounded PSD: Wy, - defines the maximum out-of-band PSD value, where the PSD must
not exceed - 35 [dB] or - 50 [dB] relative to the maximum.

All the above mentioned frequency band definitions are graphically presented in Fig. 4.10.
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Gi(f) [W/HZ]

I
_____ oo mmmmmmmmmmmmemoemeoa
/ \
P
[
f \
[ ]\ 4 G,(1)
/ \
/ \
R \L_______:r___
/J'
\
|IlIII 4
0,5%P, / \ 0,5%P,
. AN \\\ -
o s - \\_ Py - e N
W 1. . f[Hz]
HP
Wie
Wr..'-'-'- n
- W oo e 1

Fig. 4.10: Frequency band definitions. Note: W, and W, are not to scale.

Exercise 4.5;
sin[ 7(f —2.4x10°)T,
x(f —2.4x10°)T,

2
Single sided PSD is defined as: Gx(f)Ts{ J} where T, =107" [s].

Calculate:
a) Wy

b) Wye
c) W

null—to—null

Solution:

As follows from the assignment in our case — the carrier frequency: f, = 2.4 [GHz]
a) We have to find max of PSD: max{G,(f)} =G, (f,)=T,=10"" {Hﬂ} , since:
z

SIN(X) _ iy SINCK" _ o 008(X) _

lim lim lim 1
x—0 X Xx—0 X Xx—0
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From the definition of W, follows: G, (f ) = %Gx(fc) , where f ” is the unknown frequency.

. X{sin[n(f '2.4><107)><109J}2 1

=x1077
2(f = 2.4x10°) <107 2"

sin[ 7(f'-2.4x10°)x107] N

7(f'=2.4x10°)x107’ N2
We will use the substitution: 7(f '—2.4x10°)x107" =«

Then: sina = iﬁa — this equation has only numerical solution. We can use iteration to solve

it. As the initial value we can use: ¢, =1,0

a, =%sin(a,_)x\2

a =+1.39156 [rad]
7(f'=2.4x10%)x107" =+1.39156
+1.39156><107

f'-2.4x10° =
T

f'=2.4x10° +4.429x10° [Hz]

f, =2.4x10° +4.429x10° [Hz] and f =2.4x10°-4.429x10° [Hz]
W, = f, — f, =8,858x10° [Hz]

b)
NE = G (“f ) — We need to calculate the noise power. There are two ways how to do it:
1. P, = [ G,(f)df
2. P =R (0)
Obviously the second way is easier: R () = FT ™ {G,(f)}:
d
. -1 i |T| STS
T, sinc?(fT,)———R () = T, =R, (0)=1=P,
0 |T| >T,
Therefore: W = 1017 =10x10° [Hz]
c)

We will start with the bandwidth definition: G, ( f ')¥0 and:

H 1 9 -7 2
07 sin| z(f '-2.4x10°)x10”" | _
z(f'=2.4x10%)x107"
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We use the same substitution as in case b): 10" xsina =0 = a=0+kxz ,k=12,...
We are interested in case when: k = +1:

107" x7z(f'-2.4x10°) =+ 7

f'—24x10°=+10" [Hz] = f, =2.4x10° +10"  f, =2.4x10°-10" [Hz]
Therefore: W = f, — f, =20x10° [Hz]

null—to—null

GFT — Generalized Fourier Transform

An arbitrary information signal can be represented as a vector in the so-called signal space. The basis of
this signal space is a set of orthogonal functions. Then, an arbitrary information signal can be expressed
as a linear combination of the basis functions of the given signal space. It can be shown that the mutual

distance of two signals in a signal space (called Euclidean) can be expressed as: d = /E, , where Eq is

the energy of the difference signal:

T
2
E, = [[s(t)-s,(®) ] dt (4.11)
0
An example of antipodal signaling is given in Fig. 4.1.
d= d1-dz
—
! -‘ — Vv
dz 0 ai

Fig. 4.11: Antipodal signalling in one dimensional signal space.

In Euclidean space, the farther apart 2 points are, the less similar they are, and their "dissimilarity" is
related to the energy of the difference signal: d = w/Ed . Let's have a signal alphabet:
S ={s,(t).s,(t)...s (t)}. The problem is to find N < M basis functions of an N - dimensional

orthogonal space that can be used to express an arbitrary signal from the signal alphabet as its linear
combination with the basis functions. An N - dimensional orthogonal space is characterized by N

linearly independent functions, which are called basis functions: {W,- (t)} j=1...,N . All basis
functions must satisfy the orthogonality conditions:

P . _ 1 if j=k
ij(t)wk(t)dt:Kjﬁjk 0<t<T },k=12...N, K, isaconstant, o, = o

5 0 if j=k

(4.12)

If the basis functions are normalized, i.e. K; =1, the space is called orthonormal. Orthogonality implies

that each v, (t) must be linearly independent of the others. Example of a 3D signal space is shown in
Figure 4.12.
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Ws(t)

Fig. 4.12: An example of orthogonal signals in 3D signal space.

Each point of signal space represents one signal. The distance of the point from the origin is the signal
amplitude. In this case a,,a,,,a,;are signal coordinates of s . Geometrically: each v/, (t) is

ml? “'m2? ~'m3
perpendicular to all the others y, (t) for j =K. If y;(t) corresponds to a voltage or current on the load

of 1 [Q], then the normalized energy dissipated on the load in T seconds is:
T
E, =y =K, (4.13)
0

It can be shown that any signal from the signal alphabet can be expressed as a linear combination of N
- orthogonal (basis) functions y,(t),...y (t), where N <M :

S| (t) =a () +a,w, () +...a wy (1)

S (t) =8, (1) +ay, v, () +...ay, wy (1)

S (1) =y v (1) +ay, w, (1) +...ay vy () (4.14)

N
Inacompact form: s, (t)=>'a; w;(t) i=1...M, N<M (2) .The coefficient a; is the value of
=1

the component ;(t) in the signal s, (t):

17 : :
aij=K—jsi(t)wj(t)dt i=12,...M j=12,..N 0<t<T (4.15)
jo
Expressions (4.12), (4.14), and (4.15) form the Generalized Fourier Transform - GFT. Using GFT An
arbitrary signal can be expressed as a vector S; = (ail, - T )with coordinates in N - dimensional signal
space. Thus, if the set of basis functions is already determined, then each transmitted signal is completely
determined by its coefficients. Normalized energy of S, over time T :
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N
E, = Ya’kK, (4.16)
j=1

N
In the case of orthonormal functions: K; =1-E; = Za"?
j=1

Exercise 4.6:

Find out whether the given set of functions is orthogonal:

s1(f) sa(f) s3(f)
A A A

+1j r +1 +1—I

-
T T I ragl |2 4
R -1

‘P P ¢ ’
T T T

Solution: Let us evaluate the equation (4.12) for all combinations of si(t), Sa(t), ss(t):

—
7
—~
—
~—
w
N
—~
—
~—
[oX
—
I
—

s, (t)s, (t)dt +jsl (t)s, (t)dt+isl (t)s, (t)dt +j:sl (t)s, (t)dt

Oty O

2 3 4
1><1dt+j(—1)><1dt+j1x1dt+j(—1)><1dt =0
1 2 3

[I—
iy
—~
~+
N—"
(72)
w
—~
~—~t
N—"
[oX
~—+
I
—

s, (t)s,(t)dt +jsl (t)s,y(t)dt +Es1 (t)s,(t)dt +j:sl (t)s,(t)dt

Il
ot— ©

1x1dt + JZ‘(—l) x1dt + j‘lx (-Ddt+ jl.(—l) x(=1)dt=0

—

J5. (0)s,(t)ct -

0

s, (t)s,(t)dt +js2 (t)s, (t)dt+zs2 (t)s, (t)dt+is2 (t)s,(t)dt

ot—+ o

2 3 4
1x1dt + j1><1dt+ J'lx(—l)dt+ jlx(—l)dt =0
1 2 3

Therefore the given set is orthogonal. [ |

Exercise 4.7:

The base of the signal space is given by the functions: w,(t),i,(t). Analytically find the
coordinates of the signals: s, (t),s,(t) in the given basis:
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-
12

0 12 t[s] 0 ' “t[s]
1 1

S,(1) S,(t)

A ry
2 23
1 1

0 T2 "t o T2 Ttls)
-1

Solution:

Simply evaluate the integral (4.13):

T 1 2 T 2
K, =y Odt = [(-1) dt+ [Pt =1+1=2 K, = [y,°())dt = [(-1)" dt =2
0 1 0

0 0

1] 1 [ 7 : 3
a, :?Isl (t)y, (t)dt = Exh(—l)x(—l)dt+!2xldt} =5

Gram-Schmidt orthogonalization procedure

This method enables to find an appropriate basis function set for any given signal alphabet. Let’s have
signal alphabet: S ={s, (t),s, (t)...s,, (t)}. It doesn't matter which function we start with, e.g. s, (t)

: : : s,(t) o,
1. First basis function: w, (t) = = Elzj‘s1 (t)dt

JE ;
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2. Second basis function (it has to be orthogonal to the first one):

v, (t)= O\lj_é? = :T!dzz (Bt /}1

C::-l«lJl
d,(t)=s,(t)—cy,w; (t) > removal of the component of s, (t) projected in , (t)-
results in signal d, (t)that is perpendicular to y, (t).

Wy

T

Co = [, () ()t

0

3. Third basis function (it has to be orthogonal to the previous two):
w,(t)= & () E =]d 2(t)dt /'f/cx%
Ci. %y v
______________ § ds
d, (t) =S; (t)_cl3W1 (t)—C23l//2 (t)
Ci. Wy C W,
Wy
T T
Cis :j53(t)W1(t)dt Cos :.[ss(t)‘//z (t)dt
0 0
and so on up to:
0= e —farma 60)=50) S
| \/E_I 0 =1
Note:
e The set {Wi (t)} is not unique for a given {si (t)} but in any case the distances
between the signals remain unchanged!
e If N <M some signals from S are linearly dependent (zero signals cannot be an
element of the basis).
Exercise 4.8:

Find the basis functions of the signals:

si(0) s2(D)
' 3 A

1

>t >t t >t
1 2| 3 " 1 2 3| v 1 2 | i
14 a4 -14
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Solution:

T 1 2 3
E, = [sf (t)dt = [1’dt+ [(-1)*dt+ [0°dt =1+1=2
0 1 2

0

Wi(t)
A
1
N
] 17
2
« - >
d,(t
Wz(t):jé_)
2

NANA
1 1 2
y/z(t)zz—gsl(t)+—3sz(t)2%81('[)+%52(t)
2 2
W(t)
F
1
VE .
_-i’e" -
> T >
ds (t) T2 To2
v, (t)== E,=[d?(t)dt=|0°dt=0
(1) E : !s() !
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T 1

Co =j53(t)z//2 (t):j2x%dt+j(—1)x%dt+_:f(—1)x(—%Jdt “~ =%

0 0

In this case with only 2 basis function we can describe all 3 signals:

si1(d)
\

4
1 v s1(f)

1 f_./wiit)
. s()=v2xu ()
1
s2(0) 1

PR AGEE- S AG]
I '\'2

1
1l

VZ-% (1)
s3(t)
F Y
) VW, +§-\-§-Lu1
P
1 32
= >t S3(t)= > Xl/ll(t)+ 2><1//2(t)
1 VEWa(t)
E pEREIG

All signals can be expressed using their coordinates in a signal space defined by

Ay - (do)
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I{//l(t)(//z(t)dt=_([i2xijdtJrI(—%j 2\/_dt+J.Ox( \/gjdt—l—1+0 0

Exercise 4.9:
Find the QPSK modulation basis functions.
Solution:

The QPSK signal space has 4 states = each modulation symbol carries 2 bits of information.

Signal alphabet: si(t):Acos(a)t+goi)goi:O,%,n,%ﬂ 0<t<T A= 2_|_E
W
s, (t) = Z_I_—Ecos(a)t) ;
52
2E V4
5, (t)= TCOS[G)HE) 1
s
5, (t) = Z_F—Ecos(a)twr) S
s, (t)= 2_I_—Ecos[a)t+3?”j -
2E
t 5 (1) ?Cos(wt) \F t)...0<t<T ,oth 0
= = =,[|= cos ,ot i
(1) \/E_l TE = (wt)...0<t<T ,otherwise
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c, :;\/Z_I_E cos(a)t+%)\/§ cos(mt \/_J.cos[ jcos(a)t)dt

T
.
2
= 2\/_J.sm (wt) cos(wt)dt——£js|n (20t)dt = _E{COS( a’t)}
T 20 .

20 w 20T

[N
=1

_E{Mi}_ﬂl

1cos(2a)T)] =0

Note: sin(2et) = 2sin(wt) cos(wt)

d, (1) =5 (t)-¢y '7”1(t)=\/2TE COS(a)t+%j
v, (t)= %) FCOS(@HZJ_\/TZCOS(WH%)

JE JE
=—\/_I_z sin(wt)... 0<t<T,otherwise0

-

2
With the use of: j{cos(mﬂ)} di= jcos (a)t)dt_TE
%,_/

if m=n

Cis =}53 (t)w, (t)dt = }\/E cos(mt +7r)\/z cos(wt)dt

2\/_J'cos wt+r) cos(wt)dt = \/_J.cos (wt)dt
%/—/

=—cos(mt)

_ _ZT_E J 5 L+ cos(2t))dt - ey, t] - ZJ_ jCOS(Zwt)dt

T2
JE. 2fE[sn@on] o JE|ST
__AEL 2 E{sm(Za)t)} _JENEITT i gE
27 2T | 20 | 4rT
I
0
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Cyg =]33 (t)w,(t)dt = T[\/ZTE cos(aot+7r)\/Z cos(a)t+£j dt

.
:2T£.([cos(wt+7r) cos(cot+ jdt—Z\/_.f( cos(wt))(~sin(wt))dt
T
_E EJ.cos( wt)sin(ot) dt_ZJ_I sm(a)t) u=0
T 0 o) —Sln(a)t)
W sin(wt)>dt=—— 3 t—0u=1T=tou=1
dt sin(wt)

ds(t):sa(t)—c13(t)l//l(t)—czs(t)t//z(t)=\/Z_I_Ecos(a)th)
+£\Ecos(wt)_ow2(t): 2E cos(t)+ |25 cos(wt) =0 -y, (t) =0

NT T

T T
Cua :'fs4 (t)y, ()dt = j, /ZT—E cos[a)t +gzzj\/$cos(wt)dt
0 0

+sin(wt)

\/_Ism a)t cos(a)t)dt =

T t[2E 3 )2 ~
c24:Is4(t)w2(t)dt=I = cos a)t+57r T cos a)t+5 dt

+sin(wt) —sin(wt)

T T T
= —Ejsinz(mt)dt = —EJ‘E(I —cos(2wt))dt = 2JE [t]T —~ 2JE Icos(Zcot)
T 3% T 42 2T 0 2T 0
4t
T T A |
0 0
Ismz(a)t)dt:% a)zz_l_—ﬂ—> ﬁ:TE for =1 sinz(x):%(l—cos(ZX))

Cas :].54 (t)V/s(t)dt =0

d, (8) =5, (t) = () (1) = Cas ()2 (1) = Caa () (t) = 84 (1) —Cau () (1)

=\/2:E (a)t+272'j+\/_\/7COS(a)t+ ”j E(sin(mt)—sin(wt))=0

+sin(wt) —sin(et)
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From the previous follows that only 2 basis functions are sufficient to express QPSK
modulation in the signal space:

v, (t)= \/? cos(wt) w, ()= _\/TZ sin(wt)

=

TR
w
£
e
p—
—

+A.

T
3

\;.‘.

Note: For a MPSK with M states, the base of the signal space consists of 2 functions sin
and cos that are orthogonal to each other:

dhY
R

Test whether the found basis is orthogonal:

I v, (t dt—j\/7c03 a)t( \/7sm(a)t)]dt:—_rg]'cos(a)t)sin(a)t)dt

_—?X—J‘(Sln 20t) - sm(O))dt_——jsm 20t)dt

SPSK sin(wt)

8r
cos
1[ cos(4ot)] 1 (T] cos(0) | 1| 1 1
= —-—— = — —_ :0
TL 40 L, T| 81 8z | T|8z 8z

T T T T

Signal coordinates:



Lab 4.1: MATLAB exercises - Signals and signal processing

Implement the following exercises in separater .m-files. Use the provided 1ab4.m file as a unit test for
them.

MATLAB Exercise 4.1.1: Comparing data with tolerance.

Implement a public function with the prototype: function [ E, H, D ] = equals( A, B, tol )
that will compare the matrices A and B for equality and optionally calculate the Hamming and absolute
distance between the matrices. The third input argument is optional, and if it’s not specified, the function
will behave the same as the i sequal () built-in. If specified, the to1 defines the tolerance with wich
we assume the matrices are “close enough”, or to be considered “practically equal”. That means that if
the distance between matrices is less than to1, the function returns true. For the purpose of this exercise
we define the distance as the sum of absolutes of differences of all the elements of A and B. Several
different metrics, called norms, could also be used.

Furthermore, regardless of the number of input parameters, the function must return an optional second
and third output parameter: the Hamming distance between matrices and the absolute distance defined
above. The Hamming distance was defined in previous chapters for binary matrices and can be easily
extended as the number of non-equal elements (Assume true binary equality for this exercise).

The function must not produce an error if the matrices are of different sizes and must provide sensible
return values for all combinations input / output parameter options.

MATLAB Exercise 4.1.2: Unitary Discrete Fourier Transform (DFT) matrix.
Implement a public function with the prototype: function W = ftm( n )
that generates a unitary DFT matrix of size n x n. The DFT matrix is defined as follows:

1 1 1 1 e 1
1 &) 72 B L wN—1
1 1 w\? M/‘4 Uv‘ﬁ 6 5% wz'.l\'.—ll
I- — - 'y ! \ T S 1
|} N 1 w3 58 ? . 3N -1)
{ @N=1 2N=-1) _Am-1 | L AN—1){(N—1)
[S%4 W W bRk W

—27i
&
Hint: generate a matrix of exponents first. Do it without using any loops, use MATLAB vector features
(vector multiplication) instead to create a matrix of exponents first:

where: w=¢

0 0 0 0 0
0 1 2 3 N -1
o |0 2 4 6 2(N -1)
o 3 6 9 3(N -1)
0 N-1 2(N-1) 3(N-1) .. (N-1)(N-1)

Compare transforming a complex-valued signal stored in a column vector using the built-in £ft ()
function and transformation using matrix multiplication (You have to multiply the output of the fft ()
function with a scale factor). Use the equals function from Exercise 1 for comparison with tolerance and
compare its results with comparison using isequal (). Test both left and right matrix-vector
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multiplication formulation. Observe the differences between transpose and Hermitian transpose. Is the
DFT matrix Hermitian or just symmetric?

MATLAB Exercise 4.1.3: Visualizing complex signals

Write a public function given the prototype: function h = plotComplex( f, type, Signal, x )
that plots all four basic plots of a complex signal into one figure consisting of a grid of 2x2 plots: First
the real part, second the imaginary part, third the magnitude, and fourth the phase. The first parameter
should be an integer number specifying the figure number, the second parameter may take on one of the
character array values ‘plot’ or ‘stem’ to specify continuous or discrete plot, the Signal is a vector (row
or column) of the signals y-values and the last paramater x is an optional vector of corersponding x
values. If not specified, the indices of the signal array should be used (starting at 1). The function should
return the figure handle. Use function handle operator: @ for switching between calling of plot () or
stem () built-ins in your implementation. Figure 4.13 show the desired outputs for a continuos x-axis
plot:

real ima
4 g
1
2
0.5
0
0
0.5 2
1 -4
0 2 4 & 0 2 4 &
magnitude phase
4 4
3 2
2 0
1 -2
0 -4
0 2 4 & 0 2 4 &

Fig. 4.13: Example plot for a continuous display with implicit x-axis values.
Fig. 4.14 then shows an example of discrete-time discrete-x-axis plot. Note that in the basic signal-

processing context, the x-axis may in some setting represent time, while in other settings it may represent
frequency.
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real imag

4
1
2
0.5
1
: ’ ik
W LT
-1 L _4 ' L
0 0.2 0.4 0.8 o 0.2 0.4 0.8
magnitude phase
4 4
| il
2 0 l
1 T T
IEEEEEE N
0 0.2 0.4 0.8 o 0.2 0.4 0.6

Fig. 4.14: Example plot for a discrete display with user supplied x-axis values.

Use the MATLAB code shipped shown below to test your implementation: open 4 figure windows: one
for the sine signal, one for the cosine, the thirs one for the sine spectrum, the last one for the cosine
spectrum.

MATLAB Exercise 4.1.4: Basic Fourier analysys - introduction

Let one period of a pure sine and cosine signals be given by the samples of their first period: (0,2). Let
the desired number of samples per period N = 8. Someone used the definition of a time samples vector
for functions evaluation given by the following code snippet:

s=(2*pi)/N;
t=[0:5s:2*pi];
fsin = sin( t ) ;
fcos = cos( t ) ;
FSIN = fft( fsin ) ;
FCOS = fft( fcos ) ;

After evaluating the function and printing using plot (), the approximations of the signals looks fine:
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0.5 0.5
0 ]
0.5 0.5
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0 0.5 1 1] 0.5 1

Fig. 4.15: The approximations of a sine and cosine signal for N = 8 samples per period.

Note the artefacts of the approximation: we intentionally use only a small number of samples, and the
plot () function in MATLAB performs linear interpolation when rendering the pixels of the image.

From the well known theoretical Fourier analysis, we know that the spectra of continuos sine and cosine
signals consist of just two Dirac impulses, symmetric and real for cosine, antisymmetric and imaginary

for sine:
rro 1 1
cos(2z fOt)<—>§5(f — f0)+§5(f + fy)
1 1 (4.17)
sin(27rf0t)<L>?5(f - fo)—yé(f + f,)
J J

Fig. 4.16 provides a simple and intuitive visualization of these equations for a normalized fregency fo =
1.

IndX(F )t Re{X( 1)}

S+ [p) /2 Af-fo)/2 Af+1)12 Sf-1)12

T L]

—fr=-1 foiﬂ f —fp=-1 fo=1 f

Fig. 4.16: The continuos-time domain of normalized sine and cosine (up) and their spectra (down).
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Let us now investigate, what happens if we try to obtain these results in MATLAB by running the code
snippet above: after finding the spectrum using the ££t () built-in, the resulting stem () plots of the
spectra show surprising artefacts, as demonstrated by the following figures:

real ima
2 g
4
5 1
5 0 R
1 -1
0 T -
I | 2 .
0 5 10 0 5 10

Fig. 4.17: Real (left) and imaginary (right) part of the spectrum of a cosine signal.

real ima
4 d
1
2
na
D T L] -
) [ []] |
05 l l ] 2
1 -4 .
0 5 10 0 5 10

Fig. 4.18: Real (left) and imaginary (right) part of the spectrum of a sine signal.

While some features of the actually calculated plots manifest similarities with the theoretical values,
others are completely different: the imaginary part is not zero for the cosine signal, and real part not zero
for the sine. Comparing to the theoretical figures, the spectral lines are at different positions, extra non-
zero values are present and also the amplitudes at the Dirac pulsess seem to be off. Furthermore, the
labeling at the x-axis seems to not to correspond to any frequency at all.

A carefull reader already knows what went wrong in this example: by defining the time vector on line 2
of the code snippet from 0 to 2z, we unintentionally included the last 9" sample that actually belongs to
the next period. So we accidentaly took 9 samples instead of 8. This is easy to see from the stem ()
output in figures 4.17 and 4.18, but very hard to identify from the p1ot () in Fig. 4.15. The solution is
simple: exclude the last sample from the time samples vector and re-evaluate. For a small N, if we plot
the sine function using stem (), we may be able to see the subtle difference directly:
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Fig. 4.19: Stem plot of one period of the sine function with
extra last sample (left), and correct (right).

If we now calculate the samples of the spectrum again, we get a superficially similar, but in fact much

different plot. Fig. 4.20 shows the result for the sine function.

o

TN

Fig. 4.20: Stem plot of the real part of a sine function spectrum: with extra last sample (left), and
“almost” correct (right).
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As we can see, the spectrum is still not what we expected: the real part was supposed to be all zero,
which is not the case at all, if an extra sample is taken, while being extremely close to zero for correct
sampling. It is just the auto scaling feature performed an automatic zoom in on the y-axis. If we notice
the scaling factor in Fig, 4.20 right: 10® and remember to compare the results of floating point
calculations with a tolerance, we can safely round the whole real part of the spectrum to zero. This still
leaves us with a little problem: the sine spectrum in Fig. 4.18 right is still not positioned properly on the
x-axis. No negative frequencies are shown in the figure. This is because what we’re actually using on a
computer is the DFT: the Discrete Fourier Transform that transforms a vector of samples of one period
of a disrete-time periodic signal, to a vector of samples of a discrete-frequency periodic spectrum. The

defining formulas of direct and inverse DFT :

n=0
N-1 27y
X, =i X, .e( N j
N =
forn,k €{0,1,..., N -1}

(4.18)
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Deal only with integer indices n and k of elements of time-domain and frequency-domain vectors x and
X. This is clearly visible in all the figures, since the x-axes labels are allways just the indices of frequency
bins, not the actual frequencies. Furthermore, because of the DFT properties, the bins with index larger
than N / 2 actually represent negative frequencies. This comes from the periodicity of the DFT spectra.
The situation is, however, a little bit more complicated: the proper tool for a continuous-time periodic
signal is the Fourier series, which transforms a continuous-time periodic signal to a discrete—frequency
non-periodic spectrum. However, in a computer, any continous time-or-frequency signal must be in fact
approximated by a discrete time-and-frequency signal, leaving the DFT as the only tool available. We
must take advantage of known theoretical analogies between various forms of the Fourier analysis for
different settings. The details are out of the scope of this book, but the short solution for approximating
the theoretical plot of a continuous-time sine spectrum shown in Fig 4.16 and its discrete-frequency
nonperiodic spectrum equivalent is to manullay assign the proper frequency bins to the spectrum
samples by shifting them by N/2. Luckily this is done easily in MATLAB, by dividing the ££t () output
vector in halves and schwitching them. This is shownm in Fig. 4.21, this time for a sin(2z fot ) signal
wher fo = 1 Hz. However the x-axis still shows the indices of the frequency bins, not actual frequencies.
These must be calculated by the programmer.

Basic FFT Centergd FFT

4 & 4 =
2 2
0—= oo 0f—=—=— = i
2 2
-4 o : -4 : : =

0 2 4 & 8 0 2 4 6 8
4 + freq labels + centered axes
2 2
Dip—o— = o o= G S

2 2

2 2
4 Lo, i

-4 2 o 2 4

Fig. 4.21: Four visualization of the sine signal imaginary spectrum: left up: standard £ £t () output,
right up: ££t () with negative frequencies shifted, left down: added correct x-axis labels defining
actual frequencies, right down: axes centered to origin.
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Fig. 4.22: The expectexted effect of doubling the sine signal frequency on the spectrum
from fo =1 to f; = 2, while processing the same ammount of samples. Note the the number
of samples per one period: N is equal to 16 for the lower frequency sine (top),
while N = 8 for the higher frequency (bottom).

The task of this exercise is to implement an m-file that replicates the demonstration described above,
and adds also the correct DFT analysis of the cosine samples.

MATLAB Exercise 4.1.4: Basic Fourier analysis — assignments:
MATLAB Exercise 4.1.4a:

Implement a function given the prototype: function Spectr = bft( Signal, N, unitary, tol )
that calculates an enhanced Fourier transform: it should really be just a wrapper around the £ £t () built-
in that introduces the folllowing extra functionality: it should automaticly shift the ££t () result to shift
the zero frequecny bin to the center. It should check that the number of samples N is even and produce
an error if it’s not. It should take an optional third boolean parameter that specifies whether or not should
the spectrum be normalized to be unitary (automatically defaulting to false), it should take and optional
fourth parameter: the tolerance value. If all the samples of the real or imaginary part of the spectrum are
smaller in absolute value than the tolerance, this part of the spectrum should not be included in the output
(so that for a cosine input produces a pure real spectrum, while a sine input produces a pure imaginary
one).
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MATLAB Exercise 4.1.4b:

Implement a correction to the code snippet from the beginning of this exercise to include only the proper
number of samples. Also define the period T = 1 [s], and modify the observed signals to be normalized:
sin(2zfot) and cos( 2z fot). Properly calculate the value of fo =1 / T, sampling time

ts= T / N, and frequency axis labels and plot the resulting discrete-time signal and discrete-frequency
spetrum into two separate figures: one for the sine, and one for the cosine signal. The reulting figures
should look like the figure Fig. 4.23 (for a non-unitary Fourier transform).

1 2 4
0.5 2
04 £ 0 £ = = =
-0.5 -2
-1 o -4
0 0.2 0.4 0.6 0.8 1 -4 -2 0 2 4
1 4
0.5 3
0 2
-0.5 1
J L]
-1 = 0 = = = = =
0 0.2 0.4 0.6 0.8 1 -4 -2 0 2 4

Fig. 4.23: Discrete-time sine signal and its dicrete frequency imaginary
spectrum (top), normalized cosine and its real spectrum (bottom).

MATLAB Exercise 4.1.4c:

Copy the source code from the previous exercise and perform the Fourier transform for two periods of
the signal, while maintainign N = 8 and increasing f1 to 2fy . Use a unitary Fourier transform this time.
Fig. 4.24 shows the desired resulting figures:
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Fig. 4.24: Discrete-time sine signal and its discrete frequency imaginary unitary
spectrum (top), cosine and its real unitary spectrum (bottom).
Two periods were transformed and frequency doubled.

MATLAB Exercise 4.1.5: Signal energy and power

We may recall the important definitions of energy and power from the theoretical part of this chapter,
the formulas seem simple, for a power signal, the definition of a mean normalized power is given by:

P = X2 (t)dt [W] (4.19)

—ro [

1
=

=

while for an energetic signal, the mean normalized energy definition is:

o0

E,= [ X®dt [J] (4.20)

—00

Both these definitions deal with real-valued signal only, which is inssuficient for a practical
communications systems analysis. Furthermore, they apply for a continuos-time signal that is
unavailable in the context of Digital Signal Processing on the computer. The transformation of these
equations to their discrete-time equivalents should be relatively straightforward:

Several formulations of the power definition may be found in literature. They vary in few details: if we
are dealing with a signal symmetrical around the y-axis, we use the first of the forms shown below (left).
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For a complex signal we allways need to use the absolute value, or better, a multiplication with the
signals complex conjugate, as shown in the middle. This definition is perfectly compatible with real
signals, and is in fact preferable, because it explicitly aknowledges the fact that we are often dealing
with complex signals. Finally the last definition on the right deals with a signal uncentered around the
y-axis. (The symbol N is obvious equal to 2N’ + 1):

Px =

NI * 1 *
~— 4.21
2N+1Z:| 2N +1,5% XX” NZ:XHXn (4.2)

Very similar situation applies in the case of energetic signals:

Ex = Z X, = Z X, X zNixnx*n (4.22)

n=0

Similarly, the very usefull Parseval theorem was defined before in terms of Fourier series and Fourier
transform. Since we already know the DFT is the only true option avaiable in a computer, we should
also reformulate the Parseval theorem in terms of the DFT:

S f = 2% = Sl -2, f (329

This time we use the classic DFT on the left, or the rescaled unitary DFT on the right. The diffences are
subte, but important.

MATLAB Exercise 4.1.5a:

Implement a function given the prototype: function [ E, P ] = ep( Signal )

that calculates the energy and power of a discrete complex-valued Signal. If the signal is a vector
(regardles if row or column), the results are scalars. If the Signal is a matrix, the function should calculate
energy and power for each column separately, so the resulting outputs are row vectors.

MATLAB Exercise 4.1.5b:

Write a test script, where you generate one period of a cosine signal Acos( 2z fot) sampled by N =8
samples per period and calculate its energy and power in time and also frequency domain using the
function ep (). Use both forms of the DFT: unitary and standard. Verify the validity of the Parseval
theorem. Run the same script again with increased N = 16. If ewerything is done correctly, the resulting
power should stay the same, regardless if calculated in time or frequency domain, and should not change
with N. Change the frequency to f1 = 2fy and calculate the energy and power of the signal over two
periods. Will the power stay the same?
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MATLAB Exercise 4.1.6: Convolution and filtering

Matrix multiplication is an important tool in signal processing applications, especially in discrete-time
case. Every time a signal is processed using a Finite Impulse Response (FIR) digital filter, the process
of convolution of the signal t with the filter impulse response h may be described using multiplication
by a matrix representing the filter. In practical system, it is not unreasonable to expect a block orientation
of the calculation, thus t and h will both be finite-length vectors. Convolution is a well-known operation,
for an input vector of length N and filter of length v, the resulting vector r will be N + v — 1 sample long
and its samples relate to the input and filter samples by the system of equations:

|4
=2 hnth_msr, N=Ll. N+v-1 (4.24)
m=1

Usually the n index represent time sample while the m index represent a delay, relative to a given n. All
samples of the input signal for the time index outside of the range 1 to N are considered zero, similarly
to the taps of the filter outside of the range 1 to v. We can the rewrite (4.24) to show that it actually
describes a whole system of equations:

n=h-t
D) =h1't2+h2 'tl
r3:hl-t3+h2~t2+h3~t1 (425)

Ny-1=My, -ty

It is now just a matter of representing a system of equations by a matrix as shown in the example below.
From the perspective of modelling a cascade of blocks in a system, we can focus on the important fact:
the process of convolution shown by a system of equations (4.25) can conceptually be replaced by a
much simpler matrix multiplication equation:

p (N+v=0)x1) _ L (N+v-1)xN) {(NxI) (4.26)

If we omit the explicit sizes indication (which we often do), the equation representing a FIR filter
operation really starts to look simple:

r=Ht (4.27)

Furthermore, if a cascade of FIR filters is used in a more complex system, the individual filter matrices
H; and H- can be simply combined together using the matrix multiplication associativity rule:

r=Hy(Hpt) = (HaH)t=Hct (4.28)
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Example 4.1: Linear convolution matrix for a FIR filter with length v = 4 and input block size N = 8.

nlfhy 0 0 0O 0 0 0 O
tp| |h, y 0 0 0 0 0 O -
rs| |hg h, hy 0 0 0 0 O N
rg| |hy hs h, hy 0O 0 0 O y
rs| |0 hy hy h, hy 0 0 0 N

r—Ht=|rg |=| 0 0 hg hy h, hy 0 0 <,
r;1 |0 0 0 hy; hg hy hy 0 N
re| |0 0 0 0 hy; hy h, hy N
rg| [0 0 0 0 0 hy hg hy y
ol |0 0 0 0 0 0 hy hg| "
| |0 0 0 0 0 0 0 hy

On the other hand, these matrices can become quite large. For instance if t represents samples of a Wi-
Fi frame 1500 bytes long, modulated by a binary modulation scheme, and oversampled so that each
symbol is represented by 4 samples, the total length of the sampled frame will be 1500 x 8 x 4 = 48000
samples. If such a signal is processed by a 32-tap FIR filter the size of the H matrix will be 48031 x 32

= 1.536x10".

Another important use of the segmentation of a matrix into a grid of submatrices and dividing the matrix
multiplication to smaller submatrices operations is whenever multi-channel discrete-time system is
modelled. If we model the multiple parallel channels as columns of an input matrix T, we can again
describe a multichannel filter by a simple matrix equation:

R(LXM) _ H(L><N)-|—(N><M) _

1 o tim
B (6t oVl tog too 1Y
_(rl .. rM)— '(1 2 M)— :

tne) \In2 tNM

where each of the output vectors r; is a column vector L samples long and each columns vector t;
represents one signal among the M signals processed in parallel

MATLAB Exercise 4.1.6a:
Implement a function given the prototype: function H = convMtx( h, N ) that generates and returns
a convolution matrix for a given impulse response vector h and input vector size N. The function should
behave in the following way: if h is a column vector, then the matrix H should be directly usable in a
left multiplication:

r=Ht
if h is a row vector, the generated convolution matrix must be transposed to be directly usable in a right
multiplication:

r=tH
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If h is a matrix or scalar, the function should throw an error.
MATLAB Exercise 4.1.6b:

Test your implementation of the convMtx () function with the following inuts: h=[3210-11],t=
[11-1-111-1-111]. Testthe correct results by comparing its output with the output of the built-in
conv (). Test both a column and row vector orientation.
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Chapter 5: Digital modulation

The task of digital modulation is to convert signals conveying the information in form of binits to the
waveforms which are compatible with physical transmission channel characteristics.

Number of modulation states: M = 2%,or: k =log, M , where k is the number of bits per modulation
symbol.

If:
M = 2 — binary modulations, used signals are:
e antipodal signals: s, (t) =-s,(t), e.g. BPSK modulation

o orthogonal signals: sin(x), cos(x) , e.g. BFSK modulation
M > 2 — we have M-ary modulations

Detection can be:
e coherent — the receiver has to be phase-synchronized with the receiving signal
e non-coherent - the receiver does not have to be phase-synchronized with the receiving signal

Binary modulations:
Coherent BPSK (Binary Phase Shift Keying):

Modulation signals:

Sl(t)=,/2T—ECOS(a)Ot) s, (t)= /ZT—Ecos(a)oth) 0<t<T,
b b

Signal constellation (Fig. 5.1):

VE o R
} } : » W (t)

Fig. 5.1: Coherent BPSK.

2,
2o o2

Coherent BFSK (Binary Frequency Shift Keying):

Modulation signals:

s, (t)= \/i_Ecos(colt) s,(t) = \/?I_Ecos(a)zt)

In order to be orthogonal frequency spacing has to be:

1 .
a) Af =—— -in case of coherent detection
b
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1 . .
b) Af =— -in case of non-coherent detection
b

Signal constellation (Fig. 5.2):

| = > Wy(t)

Fig. 5.2: Coherent BFSK modulation.

ol

Note: Coherent BPSK requires approximately 3dB smaller E, / N, than coherent BFSK for P, < 10
under the same conditions because the argument of Q(x) is larger for BPSK than for BFSK.

Differential BPSK: BDPSK

The information is conveyed in the difference between the previous and the current phase of the received
signal.

For P, <10™* BDPSK requires by 1 dB greater E, / N, than coherent BPSK to maintain the same P, .

Non-coherent BFSK

I o i 1
Tone spacing in order to maintain orthogonality: Af = ? B ==e
For P, <10™* non-coherent BFSK requires by 1 dB greater E, / N, than coherent BFSK to maintain

the same P, .

M-ary modulations
Assumption: Gray code is used to map bits to symbols. Assumed channel is AWGN.

Coherent MPSK

2E. .
Probability of symbol error: P, (M ) = ZQ( v : Sm(%ﬂ

0
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Non-coherent MPSK: DMPSK

2E, . V2
Probability of symbol error: P,(M ) =2 > sin
ve (M) Q(\/ N, (JEM j]

Coherent MFSK

Probability of symbol error: P, (M )< (M —1)Q[ ’%j
0

Non-coherent MFSK

. 1 E, &, (M E,
Probability of symbol error: F’S(M):Mexp N > D i exp N
0 i= 0

M-QAM

Square M-QAM constellations are most often used because they are the easiest to implement. A square
M-QAM is formed by the product of two orthogonal M-ary PAM, (M must be even), see Fig. 5.3.

[ A

. ,><‘.;_

4-PAM

X XX X
X XX X
X XX X
X XX X

Regular Rectangular
4-PAM 16 QAM

Fig. 5.3: The Cartesian product of two orthogonal 1 dimensional PAM constellation forms a 2D QAM
constellation in signal space.

For a sufficient SNR, an approximate relationship for probability of symbol error can be used:

T e PN o AN N
R=2Pg = N Q[\[(M—l)NOJ’Were' v "

probability of the PAM from which M-QAM was created. E,, is the mean energy per symbol.

Q[ (MSET)VNOJ is the symbol error

In order to compare error probability of different types of modulation it is necessary to convert the
probability of symbol error to bit error probability:

M

a) orthogonal modulations: B, = M2 1 P, = 1 P,
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b) non-orthogonal modulations: B, = L = ﬂ

log,M kK

Exercise 5.1:

The system uses BPSK signaling with parameter E, / N, =5.0 [dB] . For detection, matched filters are

used. We consider optimal detection with optimal decision threshold: y, =0 . Assume ML decision
criterion.

a) Calculate bit error probability in case of optimal decision threshold.
b) Calculate in % by how much the bit error probability will be increased (comparing to optimal

detection and decision) if the decision threshold changes to: y, =0 .15x, /Eb

Solution:
a)
In case of BPSK: P, :Q[ %]:Q(\/mo“):Q(2.515)D 5.954x10°3
0
b)
In this case we have to calculate probabilities when the sent signal was si(t) but due to the noise
it was detected as s(t) and wise versa.
0.15x,/E, —|—/E 1.15x%./E
Py =Q V& ( \/_b) =Q L15|B, =Q|1.15x 25, =Q|1.15x% 2E,
Ny /& No No
2 2
=Q(1.15x2.515) =Q(2.892) =1.913x10°
0.15x[E, —\[E, 0.85x \[E, 2E,
R0 =P =0 =0|0.85x [=—=
/& [N No
2 2
=Q(0.85x2.515) = Q(2.138) =1.627x10*
Note:

Q(X)+d(x) =1
D(X) =1-D(—X) = D(—x) =1-D(X) = Q(X)

Total bit error probability:
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P, = P(1>0)P(1)+P(0—>1)P(0)=1.627x10"2 ><%+1.913><1o-3 x% =9.093x10°

Relative increase of bit error probability due to the offset of the optimal threshold value:

P -3
error =| =% _1|x100 = M— x100 = 52.729 [%]
R 5.954x10

# Coherent BPSK modulation is analyzed in [10] in the TIMS experiment: “BER measurement
of coherent BPSK signaling in an ideal distortion less channel”, Emona TIMS Volume D4 — Further
Advanced Digital Experiments, experiment: D4-03.

Exercise 5.2:

The system with coherent BFSK modulation records in the average 10 errors per hour. Bit rate is:
R, =1200[b/s] and N,/2=5x10"" [W / Hz].

a) Calculate the average bit error rate — BER.
b) Calculate the average received power S which will provide the same bit error probability as is

BER from a).
Solution:
a)
10 errors per hour corresponds to 2.777 x10 2 errors per second
BER = 2777x107 2.315x10°°
1200
b)

For coherent BFSK: P, :Q( ’%J—) we have to find an argument of Q(x), such that
0

B = 2.315x107° . Using tables for Q(x) or software e.g. Mathematica it is possible to find an
approximate solution: Q(4.520089) = 2.315x10™°

Eb:STb:Ri:S:EbRb

b

% =4.58089 = E, =4.58089° N,
0
S =4.58089° x2x5x10 " x1200 = 2.518 x10 °[W] [ |
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# Coherent BFSK modulation is analyzed in [11] in the TIMS experiment: “BER measurement
of coherent BFSK signaling in an ideal distortion less channel”, Emona TIMS Volume D7 —
Advanced BER Experiments, experiment: D7-02.

Exercise 5.3:

We have 4 binary communication systems operating over AWGN channel. Calculate the bit error
probability for each system:

a) coherent BPSK system with E, / N, =8.0 [dB]

b) Differential BDPSK system with E, / N, =9.0 [dB]

c) coherent BFSK system with E, / N, =11.0 [dB]

d) non-coherent BFSK system with E, / N, =12.0 [dB]

Solution:
a)
R = Q[ ZNEJ =Q (\/2><1o°-8 ) =Q(3.552)[11.909x10™*
0
b)
1% 1
R=eM=2¢ ]1775x10"
2 2
c)
R = Q[ %] ~Q(10"") = Q(3548) 1194010
0
d)
=% 1
B 1
P :%e 2N, =%e 2" [11.810x10°* -

The results confirms the above stated theory with respect to the comparison of Py, for BPSK and BFSK
modulations as well as for comparing coherently and non-coherently detected BPSK and BFSK
modulations.

==  Non-coherent BFSK modulation is analyzed in [11] in the TIMS experiment: “BER

measurement of noncoherent BFSK signaling in an ideal distortion less channel”, Emona TIMS
Volume D7 — Advanced BER Experiments, experiment: D7-01.
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# DBPSK modulation is analyzed in [11] in the TIMS experiment: “BER measurement of DBPSK
signaling in an ideal distortion less channel”, Emona TIMS Volume D7 — Advanced BER
Experiments, experiment: D7-03.

Exercise 5.4:

We have 2 communication systems operating over AWGN channel. 1% system is using coherent 8FSK
modulation with E /N, =10[dB]. 2" system is using coherent 16PSK modulation with
E, /N, =19 [dB] . We assume that the Gray code is used to map bits to symbols. Determine which

system has a lower Py.

Solution:

1t system: M =8 =k =3and E=k5

0 NO
For coherent 8PSK the probability of symbol error is:

E

P(8)< (8—1)Q[ N—j - 7Q(W) = 7Q(5.477)111.512x10”

0

M 8
R = 2 P = 2_x P, _4 P, =f><1.512x10-7 =8.641x107°
M-1 8-1 7 7
2" system: M =16 = k =4and 5:ki
0 NO

For coherent 16PSK the probability of symbol error is:

P(M)< ZQ{ ZNES sin(ﬁj} -2Q (\/2x 4x10*° sin (%n =7Q(4.918)(18.747x10”

0

S

P 8747x10”
log,M log,16

12.187x107’

b

The first system has lower Py, in spite of the fact that the second system has by 9 [dB] greater value of
Ew/No . It is caused by smaller inter-symbol distances in case of 16 PSK.
|

= Different types of MSK modulations are analyzed in [10], Emona TIMS Volume D4 — Further
Advanced Digital Experiments, experiments: D4-04, D4-05, D4-06.
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Exercise 5.5:

Communication system has bit rate 1 [Mb/s], the average amount of signal power pre modulation symbol
is Sag =10°[W]. Let assume AWGN with N, =107 [W / Hz]. Calculate bit error probability in case

of 16QAM and 64QAM modulations — let assume square constellations. We assume that the Gray code
is used to map bits to symbols.

Solution:
16QAM:

6
R, :%:%:250 [ks/s] =T, :Rizzmo-6 [s]

S

average energy per symbol: Eq =S,,,.T, =107°x4x107°® =4x107° [J]

E _4x10°
NO 10—10

Z(Jﬁ_l) 3Esay 6 3 -3
Pas = T Q[\l(lG—l)No ]:ZXQ[ /Ex40]=1.5><Q(\/§)=1.5><Q(2.828)[ 3.508x10

P, = 2P = = 2x3.508x10"° = 7.017x10°°

64QAM:

6
R, :%:%:166.667 [ks/s] =T, :Rizexlo-ﬁ [s]

S

average energy per symbol: E =S,,,.T, =10 x6x107° =6x107° [J]

avg-'s

E _6x10° o
NO 10*10

2(V/64-1) [ ( 3E

14 3 )
P sav ]:_Xq( axGO]zl.?SxQ(«/Z.SS?)=1.75><Q(1.690)[ 7.960%10

64-1)N, | 8
P, = 2P = 2x7.960x10"% =1.502x10™"
|

# 16QAM modulation is analyzed in [12] in the TIMS experiment: “16QAM LTE modulation”.

# BER measurement of 16QAM modulation is analyzed in [12] in the TIMS experiment: “BER
measurement of 16QAM LTE modulation”.
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Lab 5.1: MATLAB exercises: BPSK & 4QAM in signal space

The BPSK modulation is considered a one dimensional (1D) modulation. The quarternary QPSK
consists of four prototypes placed as corners of a square in the 2D complex (or 1Q) plane, aka the signal
space.

However, we can design three main forms of the BPSK constellation: a real-one, and imaginary one,
and an actual two-dimensional one. Fig. 5.3 illustrates all of them.

a) 1D BPSK b) 1D BPSK ¢) 2D BPSK
Im Im
/

h A

:(‘S] XS]

W

So 51 Re Re

Fig. 5.3: Three forms of BPSK: first two are considered 1D (a), b)). The third one ¢) may be
sometimes considered 2D.

While the first two constellations are very simple, the third, truly complex form of BPSK seems to be
unnecessarily complicated. Especially when it comes to detection in the receiver: while the detector for
cases a) and b) only needs to compare the received sample with zero and can immediately return the bit
estimate (for instance by returning the sign bit), the source code for determining, whether a received
complex sample z is closer to s; or to so involves squaring of x and y component differences. More on
detection will be given in later chapters, but it is important to understand now, that the constellation
design is affected by the detection process in the receiver.

The 1D BPSK is also useful when thinking about the 2D QPSK modulation. This is illustrated in Fig.
5.4.

a) 1D BPSK b) IDBPSK  ¢) 2D QPSK (4-QAM)

Im Im
M A
><SJI > >
S70 S11
X—t———> X T = >
Ry S
0 1 Re L Re
S0 XSOO XSOJ

Fig. 5.4: A 2D QPSK can be understood as a Cartesian products of two 1D BPSK modulations.

There are many similar forms of QPSK which will differ only by their bit mapping and rotation of the
constellation from the positive x-axis direction. The constellation in Fig. 5.2 c) is usually called 4-QAM
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and from the perspective of its error performance in AWGN channel is equivalent to both other variants

shown in Fig. 5.5.

a)
Im Im
Im A ) A
s
Sop 11
< X SO] > >
~00 S10 S11
Sy Re Re \/{ Re
X > > S
S10 So0 So1 01
S10

Fig. 5.5: Various forms of QPSK: The difference lies mainly in the rotation of the constellation.

Since we like to simplify our calculations as much as possible, we may sometimes assume normalized
transmitter energy per bit E, = 1 and zero channel attenuation. This means, the magnitudes of the
prototypes will be equal to 1 for all the modulations in question. This determines the exact values of the
prototypes:.

Real-valued BPSK:so= —1,s:1=1

Imaginary-valued BPSK: so= —j, $1 =]

Complex-BPSK rotated 7/4: S, =—(7 > j 5 >

QPSKZ s11=1, S10 =j, Soo=—1, S10= *j

Z i 2B
EXCR L e

4-QAM: s, = — o IS ="

. 2 2 .
___J’%i:::[:_kl[:J
2 2 2

V2 V2.
2 "o

S 2

MATLAB Exercise 5.1.1: Real-valued BPSK modulator

Implement a public function given the prototype:

function SignalSpaceSymbols = modulateBPSK( LogicalSymbols )

that performs digital BPSK modulation. The output should be signal space prototypes with no imaginary
component. Use the following mapping of the logical binary signal to signal space prototype: 0 > -1, 1
> +1. The input and output may be a scalar, vector or a matrix.

MATLAB Exercise 5.1.2: Universal BPSK modulator

Implement a public function given the prototype:

function SignalSpaceSymbols = modulateComplexBPSK( LogicalSymbols, Map, A, rot )
that performs digital BPSK modulation. The output should be signal space (IQ plane) prototypes. The
Map vector defines the mapping:

[ 0 1] defines the default mapping: 0 > -A, 1 > +A

[ 1 0] defines the other mapping: 0 > +A, 1> -A
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Parameter A defines the required magnitude of the prototypes, and an optional parameter rot is the
rotation of the constellation from the positive x-axis in radians counterclockwise. The input and output
may be a scalar, vector or a matrix, and the output values are allway complex numbers, even if their real
or imagirany parts are zero.

MATLAB Exercise 5.1.3a: Implement a public function given the prototype:

function index = bits2Index( bits )

That converts a binary vector of two bits to an integer scalar index (converts from binary to decimal
representation). Use this function in both your implementations of QPSK and 4QAM modulators.

MATLAB Exercise 5.3: Basic QPSK modulator

Implement a public function given the prototype:

function SignalSpaceSymbols = modulateQPSK( LogicalSymbols, A )

that performs digital QPSK modulation. The output should be signal space (IQ plane) prototypes with
Gray mapping of bits (logical symbols) as defined by Fig. 5.4. Parameter A defines the required
magnitude of the prototypes. LogicalSymbols may be any matrix with an even number of row: since
two bits in neighbouring rows will be mapped to one prototype, each pair of bits in rows i and i+1 will

determine the mapping to symbol index: Sj(+1). For example a matrix:

= = O O
o B O
_ O O -

will be mapped to indices, shown first as binary vectors, and also converted to decimal indices:
00 01 10) (0 1 2
11 10 01) (3 2 1
The indices may then be used for indexing a map of prototype values. The exact numeric values of the

prototypes will be determined by the constellation diagram in Fig. 5.4 a) and the parameter A. For unit
energy the values will be:

(SOO SOl Sloj :(_1 J _J)
S S Sm 1 _j J
‘ BER measurement of coherent QPSK modulation is analyzed in [11] in the TIMS experiment:

“BER measurement of coherent QPSK signaling in an ideal distortion less channel”, Emona TIMS
Volume D7 — Advanced Advanced BER Experiments, experiment: D7-04.

MATLAB Exercise 5.1.4: 4-QAM modulator

Implement a public function given the prototype:
function SignalSpaceSymbols = modulate4QAM( LogicalSymbols, A )
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that performs digital 4QAM modulation with Gray mapping as defined by Fig. 5.4. The output should
be signal space (IQ plane) prototypes. The optional parameter A defines the required prototype
magnitude and LogicalSymbols may be any matrix with an even number of row with mapping of
bits to symbol indices exactly the same as defined in the previous exercise. For example a matrix:

kB O O
o = O
O O k-

will be mapped to symbols:

(SOO SOl SlO j
S11 le sOl

which for unit energy per bit translates to a following prototype matrix:

BB A B

2 2 2 2 2 2
2B 2
2 2 2 2 2 2
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Chapter 6: Multiple Access (MA)

Communication Resource (CR) represents the time and bandwidth available for the purpose of
signalling (message transmission) for a given communication system. The CR can be represented by a
time-frequency plane:

-t
Fig. 6.1: Time-frequency plane.

For efficient use of the communication system, it is important to plan in advance how to allocate
resources to individual users so that no area of the available time-space plane is unused and, at the same
time, so that the allocation of user resources is fair.

The term multiplexing, or multiple access, describes a method of allocating available communication
resources. There is little difference between these terms.

Multiplexing - describes a method of allocating resources on a fixed (predefined) basis. Alternatively,
this method may vary slowly. Resource sharing here is done on a local basis, e.g. on a given device.

Multiple access describes a method of sharing a remote resource, e.g. a satellite link by different users.
The method of this sharing can change dynamically based on user requirements, e.g. in LTE.

The essence of all multiple channel sharing techniques is to prevent the generation of interference at the
receiving end of the users that would prevent them from communicating. That is, the signals of other
users must not cause a significant increase in the error rate of a given user. The mutual orthogonality of
the signals minimizes this interference (see eq. 4.12).

Basic MA techniques:

+ FDMA (Frequency Division Multiple Access)
+  TDMA (Time Division Multiple Access)

+ CDMA (Code Division Multiple Access)

» SDMA (Space Division Multiple Access)

* PDMA (Polarization Division Multiple Access)

FDMA

Each user is assigned a certain part of the available frequency spectrum (channel, frequency slot) within
which only he transmits his data. To prevent interference between adjacent bands, they are separated by
guard bands, see Fig. 6.2. The time-frequency plane is divided horizontally, i.e. each user is allocated a
specific frequency band for a theoretically unlimited amount of time. To avoid mutual interference
between different frequency bands, their signals must have beenmutually orthogonal in frequency
domain:
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< K fori=j (6.1)
Xi(F)X,(f)df = .
_J; (0X,(1) {O otherwise

where K is a non-zero constant and: X; ()<« x;(t) i=12,...,N, N is the number of users.

A
| frequency band N |
2
8
e | frequency band 3 |
=
| frequency band 2 |
f | frequency band 1 I
» t

Fig. 6.2: FDMA principle.
TDMA

Each user is allocated the entire available frequency spectrum at any given time, but only for a certain

period of time within which only he or she transmits his or her data (time slot). To avoid interference
between adjacent time slots, these are separated by guard times:

f
A

time slot 1
time slot 2
time slot 3
time slot N

guard time

Fig. 6.3: TDMA principle.

The time-frequency plane is divided vertically, i.e. each user is allocated the entire frequency band, but

only for a certain amount of time. To avoid mutual interference between signals from different time
intervals their signals must be mutually orthogonal:

0

K fori=j 2
,[ %O x; dt _{ 0 otherwise (6.2)

—00
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where K is a non-zero constant and: x(t) i=12,...,N are the time waveforms of the signals of the
individual users, where N is the number of users.

SDMA

To each user is allocated a separate beam generated by the multielement antenna array. Users are
separated in space. Such arrangement allows using the same frequency within the same geographical
areae.g. a cell.

L

RX 1
RX 2

Fig. 6.4: SDMA principle.

PDMA

Each user uses a different type of polarization within the same frequency band. Used polarizations have
to be mutually orthogonal.

L "’I\t ,H/\{ _

RX 2

Fig. 6.5: PDMA principle.
CDMA
In the next we will focus on CDMA methods. Advantages of CDMA over FDMA and TDMA:

e privacy — without knowledge of the PN code, the received signal cannot be decoded

e resistance to interference — statistically, if the interfering signal damages less than half of the
chips used to send one modulation symbol, it is still possible to restore it without errors
(possibility of communication below the noise limit)

o resistance to multipath propagation - statistically, if the reflected signals arrive at the antenna in
a time greater than the chip duration, they are decorrelated.

e asynchronous operation — compared to TDMA, CDMA does not need synchronization of all
users. Thanks to the orthogonality of PN codes, each user can broadcast at any time.
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As PN codes are used various PN sequences satisfying the general requirements placed on PN sequences
for CDMA systems, which are:

1. Balance property — in each period of PN sequence the number of binary ones should ideally
differ from the number of binary zeros by at most one digit.

2. Run-length property. A run is defined as the sequence of a single type of binary digit(s).
The occurrence of the alternate digit in a sequence marks a new run. The number of digits
in the run defines the length of the run. Among the runs of ones and zeros in each period, it
is desirable that about % the runs of each type are of length 1, about ¥ are of length 2, about
1/8 are of length 3, and so on.

3. Correlation property. If a period of the sequence is compared term by term with any cyclic
shift of itself, in an ideal case the number of agreements differs from the number of
disagreements by not more than one count (except for a zero shift).

The best PN sequences with regard to the above mentioned properties are so called maximal length
sequences, or m-sequences. m-sequences are the longest sequences generated by a given shift register
with m stages. Such register (defined by a primitive polynomial of a degree m) generates m-sequence of
length:

N, =2"-1 (6.3)

c

, where N is the period of m-sequence in chips [c]. Chip is one single PN sequence symbol. Chip
duration T¢ is the shortest time interval of a given sequence, see Figure 6.6.

AV]
A

+V

(>
Tc

TPN = Nc Tc

A

>
>

Fig.6.6: lllustration of time relationships in PN sequence.

As can be seen from Fig. 6.6 each PN sequence repeats itself — its period Ten is directly proportional to
its length in [c]:

Toy =N, T, (6.4)

A shift register sequence generator consists of a shift register working in conjunction with the
appropriate logic, which feeds back a logical combination of states of two or more of its stages to its
input. The output of a sequence generator, and the content of its m stages at any clock interval, is a
function of the outputs of the stages fed back at the preceding clock interval. The clock rate of shift
register sequence generator determines the chip time T :

T=—"1=— (6.5)

, Where Rq is the chip rate in [c/s] and Rax is the clock rate of a sequence generator. As was mentioned
earlier in CDMA system different users are separated by unique PN codes assigned to each user. To
assure the effective user separation used PN codes have to be orthogonal (or nearly orthogonal). So the
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degree of mutual ortogonality relates to cross-correlation property. Two real valued waveforms x(t) and
y(t) are orthogonal if the value of their cross-correlation Ryy(z) over the symbol interval T equals to zero:

R, (7) = ]X(t) y(t+7)dt=0 (6.6)

The ability of resistance of CDMA systems against jamming is a measure of the system performance
and can be expressed with signal-to-jammer ratio:
E. n
SIR=—— (6.7)
N

J

, Where Es is the energy of the signal from the signaling alphabet: S = {Sl,Sz,...,SN } N is the

alphabet size. E; is the jammer energy; n is the signal dimension after spreading. Signal-to-jammer ratio
after post processing (6.7) gives to communicator an advantage of n/N over the jammer. Factor n/N is
called the processing gain (denoted as Pg) and it is exactly equal to the ratio of the dimensionality of the
possible signal space (and therefore the space in which the jammer must seek to operate) to the
dimensions needed to actually transmit the signals. Processing gain can be defined as:

o N _ZWT, W, 69
N 2WT, W

, Where Wy is the bandwidth of the spread spectrum signals, W is the minimum bandwidth of unspread
signals.

Depending on the jamming waveforms, jammers can be classified into the following classical categories:

a) broadband noise jammers — jammer occupies the whole system bandwidth. Jammer distributes
jamming power J evenly over the W , therefore his equivalent single-sided PSD, denoted as Jo

equals to:

J
J =— 6.9
o= W (6.9)

It means that jammer applies a little power to each of the signal coordinates. The broadband noise
jammer is a brute force jammer that does not exploit any knowledge of the communication system
except its bandwidth Wy .

b) narrowband noise jammers — also referred to as partial-band jammers spreads the noise of total
power J evenly over some portion of the system bandwidth. Let define p as the ratio of the
jammer’s bandwidth to the system bandwidth:

p= V% <1 (6.10)

SS
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, using (6.8) and (6.9) jammer’s PSD equals to: i:‘]_o In this case jammer trades his
W, »p
bandwidth for an increased PSD (he jams a few signal coordinates, but with higher power —

assuming J to be constant).

c) stepped noise jammers — as in case b), but now jammer steppes through different regions of the
system bandwidth at random times.

d) CW and multitone jammers — jammer is using either a continuous wave (CW) — a single tone with
high power, or a several tones of equal power — a multitone jammer.

e) stepped CW and multitone jammers — as in case d), but now jammer steppes choices different
frequencies for CW or multitones at random times.

f) pulse jammers — jammer transmits pulses of bandlimited white Gaussian noise having time-
averaged received power J . The actual jamming power during a jamming pulse is larger. Also
jammer can trade duty cycle for increased jamming power. If the jammer’s pulse duration is
denoted as p , then jammer’s PSD is during that time increased to:

J=— (6.11)
W, p

, maintaining a constant time-averaged jamming power J. So jamming is present during a fraction
p of time, for the remaining fraction (1 - p) of time jamming is not present. Jammer occupies the
whole system bandwidth.

g) repeat-back jammers — this type of jamming is only applicable to FH SS systems. In this case a
jammer is monitoring communicator’s communication based on which they are able to generate
jamming signal (fast enough) in the spectral vicinity of communicator’s FH/FSK signal.

See Figure 6.7 for categories a) through e).

FH-CDMA

Each user is allocated only a certain part of the available spectrum at any given time for a certain period
of time within which only he transmits his data. To avoid interference between adjacent time slots and
frequency bands, these are separated from each other by guard time and frequency slots. The assignment
of a given frequency subband to a given source is determined by the PN generator. This allocation
changes at each time interval. An example of FH-CDMA applications are Bluetooth Technology and
WISSCE (Wireless Indoor Spread Spectrum Communication Equipment). In FH-CDMA system N users
share the same bandwidth, transmit simultaneously and each user has its own PN code determining its
hopping pattern, see Figure 6.8. The general block diagram of FH-CDMA communication system is
shown in Figure 6.9.
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Fig. 6.7: The most common jamming strategies.
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Fig. 6.8: FH-CDMA principle.
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transmitted received

FH-SS signal FH-SS signal
user data MESK e e | MESK received data
* modulator demodulator »
3 3
frequency frequency
synthesizer synthesizer

spreading code

PN PN
generator generator

Fig. 6.9: General block diagram of FH-CDMA communication system.

In FH-CDMA communication system the available bandwidth Wss is subdivided into a large number of
frequency slots: S,,S,,-++,S; , see Fig. 6.10. Each slot has bandwidth Ws determined by:

- number of used modulation states: M
- frequency of the individual tones of used symbol alphabet

- type of used detection: coherent or non-coherent.

X ()

N

A
Y

Wss

F
A

Fig. 6.10: FH-CDMA bandwidth.

The number of frequency slots is set by the PN spreading generator, realized as m — stages linear
feedback shift register generates which generates:

J=2"-1 (6.12)

distinguished sequences m bits long (frequency words) that control the output frequency of frequency
synthesizer. The conventional FSK modulator depending on the input data produces:
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M =2 (6.13)

different frequencies (tones), where k denotes the number of bits in each modulation symbol, thus:
k =log, (M) . An example of simple FH pattern is shown in Fig. 6.11.

a) b)
Arf Akf
fSZ
f .
f 3
S1 fSS — f —_—
ot | fe, [ fo,
f,
T, 2T, 3T, t T, 2T, 3T, "t

Fig. 6.11: An example of simple FH pattern.

In Fig. 6.11a) each k — tuple of the input data bits determines frequency fsi , where i e {l,---,M} of one
modulation symbol. Time duration of one modulation symbol is: T, = k.T, , where T; is data bit duration.

In Fig. 6.11b) the resulting MFSK signal fsi is translated in frequency by the amount that is determined
by the output sequence from the PN generator, which in turn controls the output frequency f; , where
je{L---,J} synthesized by the frequency synthesizer. Time duration of generating one single frequency

at the output of the frequency synthesizer is denoted as hop time Tw . This frequency is mixed with the
output of the MFSK modulator and the resultant frequency—translated signal fi (I is time index, I € {l,---}

) is transmitted over the channel. In FH-CDMA systems chip interval T. determines the shortest duration
of transmitting of one single frequency (an uninterrupted waveform). If we are referring to a chip in
conjunction with PN sequence controlling frequency synthesizer in FH-CDMA systems, then chip has
the same meaning as in DS-SS described next. Therefore in order to avoid confusion, it has to be paid
an attention under which circumstances this term is used.

In FH-CDMA systems the relationship between symbol interval Ts and hop interval Ty classifies the
systems into one of two categories:

1. SFH (Slow Frequency Hopping) systems —in this case: T,, 2T, and T, =T, . This means

that frequency synthesizer produces one constant frequency during one or several
modulation symbols:

T, =nT, (6.14)

, Where n is the number of modulation symbols per one frequency hop. MFSK modulator
(depending on input data) produces one constant tone lasting one-symbol interval Ts . Since
MFSK signal offsets frequency synthesizer output during each modulation symbol
independently, time for transmitting an uninterrupted waveform (a single frequency) is
symbol interval, therefore chip interval equals symbol interval. Reciprocal value of hop
time defines a hop rate:

1 1 1 R
R,=—=—==R =—2Thops/s 6.15

, Where Rn is modulation rate, Ry is data rate; k is number of data bits per modulation
symbol. An example of SFH is shown in Fig. 6.12. In this example: T,, = 2T,. It means
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that frequency synthesizer generates one particular frequency during two modulation
symbols.

f32
f, f,

»
L

Ts 2T 3T, 4T, t

Fig. 6.12: An example of SFH hopping pattern.

FFH (Fast Frequency Hopping) systems — in this case: T,, < T, and T, =T,, . This means

that frequency synthesizer changes frequency several times per modulation symbol.
Therefore the shortest time interval of transmitting an uninterrupted waveform is hop time,
what means that chip time equals hop time. Let denote the number of frequency hops per
modulation symbol as N , it follows that:

T, =N.T, (6.16)

FFH SS systems (with N >1) are sometime called systems with diversity. In case of FFH
hop rate is defined as follows:

1 N

R
R,=—=—=NR_=N-2[hops/s 6.17
T . k[ ps/s] (6.17)

S

An example of FFH is shown on Fig. 6.13. In this example: T, =4T,,. It means that

frequency synthesizer changes frequency four times per one modulation symbol. During
one modulation symbol interval MFSK modulator offsets the frequency synthesizer output
frequency by the same amount.

A

A

fC 8 | =——

fc1 fz fcs fc5 f7

f
fe f5 = f8
f;

T, 2T, 3T, 4T, 5T, 6T, 7T, 8T, t

v

Fig. 6.13: An example of FFH hopping pattern.
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DS-CDMA

Each user is assigned a unique PN code with which they multiply (XOR) their data. This has the effect
of extending the spectrum of the user to the entire available spectrum. All users can broadcast
simultaneously within the entire available band at any time, see Figure 6.14. DS-CDMA systems are
used in GNSS: e.g. Galileo or GPS. (They were also used in 3G mobile communication systems).

f

user 1 PN1

user2 PN2

/

&
<

Fig. 6.14: DS-CDMA principle.

In DS-CDMA system N users shares the same bandwidth, transmit simultaneously and each user has its
own PN code, see Figure 6.15.
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Fig. 6.15: General model of DS-CDMA communication system.

Each pair transmitter — receiver in Figure 6.15 consist of classical DS-SS transmitter/receiver pair. On
the transmitting side DS-CDMA transmitter is a classical DS-SS transmitter using such a spreading code
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that satisfies the CDMA system requirements (number of simultaneous users, environment, etc.). Block
diagram of DS-SS transmitter is shown in Figure 6.16, where RF carrier signal f¢(t) is first modulated
with data signal d(t), then data — modulated signal is again modulated with high-speed (wideband)
spreading signal c(t) , also called the code.

DSSS/BPSK signal
s(t)

di
data modulation spreacing
input data

pulse waveform

d(t) ———p{ BPSK modulator

BPSK modulator

v

RF carrier signal spreading
f(t) signal (PN code)
c(t)

Fig. 6.16: Block diagram of DSSS/BPSK transmitter.

If data signal is an antipodal pulse stream (bipolar non-return to zero signal - BPNRZ) with values of
pulses +1 or -1 and the spreading PN signal is also a BPNRZ signal, then simplified DSSS/BPSK
transmitter can be realized as is shown in Figure 6.17. Data signal is spread by a direct multiplication
(analog) with spreading signal.

analog modulators

/ \ DSSS/BPSK signal
input data s(t)
»

pulse waveform

d) > spread data signal

spreading RF carrier signal
signal (PN code) f.(t)
c(t)

Fig. 6.17: Simplified block diagram of DSSS/BPSK transmitter.

In case that the clock frequency of the data signal is a sub-multiple of the clock frequency of the PN
spreading signal then spreading of the data signal can be achieved by performing modulo two sum of
the data signal and the spreading signal. In this case both signals are assumed to be unipolar non-return
to zero signals (UNRZ) with values of pulses +1 or 0. In order to modulate such a spread data signal
onto RF carrier a conversion from UNRZ to BPNRZ signal is necessary, see Figure 6.18.

level conversion
from UNRZ signal

to BPNRZ signal DSSS/BPSK signal
s(t)
spreading l data modulation
input data / \
pulse waveform 0 +1
d(t) > XOR > »| BPSK modulator

spreading RF carrier signal
signal (PN code) f(t)

c(t)
Fig. 6.18: Another alternative of block diagram of DSSS/BPSK transmitter.

On the receiving side spread spectrum signal cannot be detected by a conventional narrowband receiver.
For the correct detection of the received signal of the given user, the incoming signal has to be first
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“despread” using the same PN sequence as was used for spreading and then demodulated as in a
conventional receiver. The other important condition for a successful despreading and consequently for
a successful detection is a correct alignment of the received signal and the locally generated PN sequence
in the receiver. The simplified block diagram of DSSS/BPSK receiver is shown in Figur 6.19 — block
for PN sequence alignment is omitted. In Figure 6.18 it is assumed that both sequences are perfectly
aligned. In real world applications the initial alignment of PN sequences (acquisition) and maintaining
the alignment (tracking) are complex tasks and one of the main challenges in the application of DS-
CDMA techniques.

received DSSS/BPSK signal
rt)

analog multipliers

/ \ output data
pulse waveform

despread modulated data signal ()
<

lowpass
filter

despreading locally generated
signal - RF carrier signal
locally generated f(t)

PN code c(t)

Fig. 6.19: Simplified block diagram of DSSS/BPSK receiver.

Baseband bandwidth of data signal is inversely proportional to bit duration Tp:

1
do-null — ﬁ (618)
Baseband bandwidth of the spreading signal is inversely proportional to chip duration T¢:
1
Weonun == (6.19)
TC
Bandpass bandwidth of the DSSS/BPSK signal is:
2
W, =— 6.20
57T (6.20)
Processing gain in cse of DSSS is:
Tb Rc
=—=— (6.21)
PG Tc Rb

Exercise 6.1:

PN signal has rate: 1.2x10° [c/s], data rate: 1200 [b/s]. Specify the processing gain in [dB]. (Consider
BPSK-DS/SS).
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Solution:

Bit duration: T, = 1 = 1 =8.333x10"* [s]
R, 1200
. : 1 1 = .7
Chip duration: T, = —=-——=8.333x10"" [s]
R. 1200
P -4
Processing gain: P, = T, 0833310 =10° = 30 [dB]

T 8.333x10°7

c

An alternative solution using definition of Pg :

W, :Ti R =2 W, =2R,
WBZi Rb:i_)WB:Rb

T, T,

6

p-We 2 1 H_R_ 1'2X103 ~1000 = 30 [dB]

W, T, 3 T. R, 1.2x10

Tb
[ |

Exercise 6.2;

DS/SS — BPSK system is supposed to transmit data at rate: R, = 10 [kb/s]. A PN sequence has a period:
N = 2047 [c]. Assume that one PN period is used to spread one bit. Determine the Whyii-to-nun bandwidth
of such a system.

Solution:

1
Bit duration: T. =— =10"*[s
* 10 5]

-4
Chip duration: T, =NT. =T, = T, _10° _ 4 g85x10° [s]
N 2047
Bandwidth: W, _2___ 2 40.94[MHz]
RO T 4885x10°
P = W =>W,=2P,W, = 2><I—b><i = 2 in case of BPSK baseband bandwidth is: W, :_I_l
b c b c b
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. T, 10
it. T=NT,=P, =N then: P, == = 2047 = 33.11[dB]

T~ 4.885x10°°

c

Exercise 6.3:

Consider DS/SS-QPSK system as per figure. The chip rate of both spreading sequences is 107 [c/s],
processing gain is 30 [dB]. Calculate the system bit rate. What would be the advantage of such a system
comparing it to a conventional DS/SS-BPSK system with the same parameters?

c1(t)

BPSK

|

Rp

90°

BPSK

c2(t)

Solution:

P, =30[dB] =10°
P, :lelos =T =10°xT, =10°x107 =107 [s]

Ry, = 'Il' =10kbps=R,, =R,

The bit rate (and bandwidth) is the same as for DS/SS-BPSK systems, but the output of the demodulator:
z, = AT , which is twice that of BPSK, thus reducing the error rate of the system.

Exercise 6.4:

Let the DS/SS-BPSK system transmit a speech signal that is sampled at a frequency f., = 8 [kHz], using
k = 8 bins per sample. At a frequency f. = 1.9 [GHZz], system bandwidth is W = 80 [MHz]. We assume
that one period of the PN sequence is used to spread one binit. Determine:

a) the maximum processing gain in [dB]
b) what is the maximum usable chip rate of spreading PN sequence?
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Solution:

a)
3 3 1 1 5
R, =8x8x10° =64x10°[b/s] — T, =— = _=15.625x10"°[s]
R, 64x10

Wo=2oT =2 o 2 _25x10%[s]

T W,  80x10

-6

p, =t 13025107 _ o5 57 958 [dB]

T, 2.5x10
b)
R, =i=%=40x106[c/s] , since R, _ LW

T~ 25x10 T 2

# DSSS/BPSK system is analyzed in [13] in the TIMS experiment: “Spread Spectrum - Analysis
of Direct Sequence Spread Spectrum”, Emona TIMS Volume D5 — Basic Spread Spectrum
Techniques, experiment: D5-01.

= 3 channel DSSS CDMA system is modeled in [14] in the TIMS experiment: “CDMA - DSSS
3 Channel Basic System”, Emona TIMS Volume D6 — Advanced Spread Spectrum Experiments,
experiment: D6-01.

Exercise 6.5:

DS/SS-BPSK system has a processing gain of P = 2000. At the receiver input we assume AWGN, let
E, / N, =20[dB]. The mean power of the received signal is P = 1 [W], also let T, = NT_, where N is

the period of used PN sequence. Determine:
a) SNR, at the output of the detector (integrator) in [dB] (before the decision block)
b) SNR, if we assume a narrowband jammer with power P, =50 [W].

a)

SNR = %SNR0 = SNR, =2x SNR =200 = 23.01[dB]
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b)

AT A
No+P T, N,
T

in case of narrowband jamming: SNR;; =
+

50 |-T

2

in case of BPSK modulation: P = A? = A’ =2xP=2[W]

AT N N A’ 2

without jamming: SNR, = L= =——=0.01
N, T SNR, 200
with jamming: SNRy; = #50 =57.143=17.57 [dB] u
0.01+——
2000

Exercise 6.6:

We have a DS/SS-BPSK system that transmits data at a rate of R, = 1 [Mb/s]. The mean power of the
narrowband jammer is P; = 50 [W]. AWGN noise is present in the system, whose PSD is No = 10°
[W/Hz]. The mean power of the data signal is P = 1 [W]. Determine:

a) how long a PN sequence must be used so that at the input of decision block of an optimal DS/SS-
BPSK receiver is a minimum SNRq; = 16.03 [dB]. Assume: T, =N T, where N is the period of
the used PN sequence.

b) the length of shift register necessary to generate PN sequence from a).

Solution:
a)
2
P=A  A7-2p Rb=—:>Tb=i
2 b Rb
2 2 2
SN, - AT, _ AT, AT, =A2TbL
NO+Pch N +PL N0N+Pij NON+Pij
0 j N N 7
SNRy; N Ny +SNRy, T, P, = A’T, N
N(SNR;; N, — A’T,) =—SNR,; T, P,
SNR i PT 1.603 —6
S TRE N=| 2000”095 6671=1023 ]
AT —SNRy; N, 2x10° -10"**x10
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b)

N=2"-1=m=log,(N+1) =log,(1024) =10

Exercise 6.7:

What can be the maximum one-sided power density of broadband jammer so that the SNR at the input
of an optimal DS/SS-BPSK receiver is -25.64 [dB], assuming that the transmission rate is Ry = 2 [Mb/s]
and the mean power of the received signal is P = 300 [mW]? We consider PSD of AWGN N, = 10
[W/Hz].

Solution:
1 _ A?
Tb:R—b:5><107[s] P=7:0.3[\N]
Asz
_ 2
SNR; =—=—-
N, +-—1
W.

]

Pi
SNR;| No+- |=PT,

i

P PT. —SNR N 7 _10725% %107
VTJ: b o i No =O'3X5X10102%§ %10 :5.396X10_5[%}
i ]
[ |
Exercise 6.8:

DS/SS-BPSK system has bit rate R, = 9.6 [kb/s], its bandwidth is Wss = 96 [MHz]. Mean received power
of the useful signal P = 28.8 [uW], PSD of AWGN at the receiver input is No = 10° [W/Hz]. Mean power
of broadband jammer P; = 10 [W]. Determine:

a) the probability of error per bit Py - without jamming
b) probability of error per bit Py; - with jammer
C) processing gain in [dB]
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Solution:

a)

we assume a coherent BPSK modulation:

-6
£ :£:28.8x103 _310° [J]
R, 9.6x10

R, =Q£ ZNEb j= Q(«/ZXEO;_&O_] = Q(+/6) = Q(2.449) = 0.0071

b)

in case of broadband jammer: W =W, , then:

P 5
J,=-L  R=q| [-2B |_q| -2 |_q(0.2388)=0.4052
WJ JO + NO 1079 +&

96x10°

c)
W, :3:>TC :i

TC WSS
rL

Rb

6

pood ot W 900" 5 100 2 37[dB]

T. R 2 2x9.6x10

|

Exercise 6.9:

¢) What has to be the minimal chip rate so in DS/SS-BPSK system is eliminated the reflected path
which is by 15 [m] longer than direct path?
d) Calculate the bandwidth of DS/SS-BPSKfrom a).

Solution:
a)

The time it takes for the signal to overcome the distance difference: Al =1, —1 is:
,-l, 15
C 300x10°

=5x10"° [s]

In order to suppress the reflected path (decorrelation): T, <7 = R_2> Ti =2x10" [c/s]

C
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b)

WSSIEI 2 s
T, 5x10

=40[MHz]
Exercise 6.10:

The maximum value of the autocorrelation function of the narrowband jammer is 2.5 [W] (already after
recalculation over the symbol interval). What can be the maximum transmission rate of a DS/SS- BPSK
system if the period of the used PN sequence N = 1023 [c], while the total power of the jammer that

enters the detection process is E{j.}=7.4578x107"* [W]? The E{ }is the expected value operator.
Assume narrowband jammer and that the jammer knows our system (i.e., fj - fc is small).

Solution:

Jamming power: P; = R;(0) = 2.5 [W]

/ 14N T
E{jé} J Lk 4578X1O X4X1023 =1.105x10"° = R, =90.498 [Kb /5]

# Processing gain measurement of baseband DSSS/BPSK system is analyzed in [14] in the TIMS
experiment: “DS SS Baseband System — Processing Gain Measurement”, Emona TIMS Volume D6
— Advanced Spread Spectrum Experiments, experiment: D6-02.

# IST rejection in DSSS/BPSK system is analyzed in [15] in the TIMS experiment: “ISI1 Rejection
in DS SS”, Emona TIMS Volume D8 — Multipath Experiments, experiment: D8-02.

Exercise 6.11:

What must be the minimum difference of neighboring tones in baseband at the output of the BFSK
modulator for the FH/SS —BFSK system in the case of:

a) non-coherent detection
b) coherent detection
Solution:

hop time: T, = 25[us] bit time: T, = Ri = ﬁ =50 [us]
b

since: T,<T, =T, = FFH

a) Af minziz%:m [kHz]
T, 25x10
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b) Af min= L = ! =
2T, 2x25x10

= 20 [kHz]

Note:

) 1
non-coherent detection: Af =T_

c

. 1 T, SFH
coherent detection: Af =— , where: T, =
2T T, FFH

c

Exercise 6.12:

The non-coherent BFSK-FFH/SS system with 5 hops per bit has a bit rate R, = 2500 [b/s]. The system
uses J = 1023 carrier frequencies. Calculate:

a) clock rate: Ry of PN generator

b) system bandwidth Wi

Solution:
a)
BFSK: =T, =i =i =0.4 [ms]
R, 2500
T 4x107
5 hops per bit (5-fold diversity) = hop time is: T, = = 0410 _g.10% 5]
. 1 1
clock rate is: Ry = —=——-=12500 [c/s]
T, 8x10
b)
In case that we assume the following block diagram:
Rb VV”

multiplier |——»
A

frequency synthetizer

At the same time we assume that the individual subbands are closely adjacent and do not overlap (there
is Af distance between tones):

v

»  BPSK modulator
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W, =(2J -1)Af

1 v 4 L T A 1)
; ; ] | ! > f
A A
iy A T PRIV e P A
2 2 5 2
j‘1+%Af fj75M‘

then: W, =(2J —1) Af = (2x1023-1)x12500 = 25.5625 [MHz]

Exercise 6.13:

8FSK FFH/SS transmits data at a rate of R, = 4500 [b/s]. The system uses 1023 carrier frequencies. The
system uses 5-fold diversity (i.e., 5 hops per symbol). Assume non-coherent detection. Determine:

a) the bandwidth of the system assuming mixing synthetized frequency and modulation tones as
in Exercise 6.10.
b) what will be the bandwidth of the system if the system turns into a SFH with 1hop per 2

symbols?
Solution:
a)
8FSK: M =8=k =3
modulation rate: R, = % = %OO =1500 [s/s]

symbol time: T, = 1 _ 1 _geex10* [s]
R, 1500

T, 6.666x107
5

hop time: T, = E =1.333x107 [9]

tone spacing: Af = Ti =R, =7500[Hz]
h

W, =(M xJ —1)Af =(8x1023—1)x 7500 = 61.3725 [MHz]

b)

SFH system: T, =2T, = 2 =1.333x10[s] T =T
1500

multiplier  ——
-~

L

*  BPSK modulator

frequency synthetizer



Af = Ti =1500 [Hz] W, =(M xJ —1)Af =(8x1023—1)x1500 =12.2745 [MHz]

C

# Modeling of CDMA FHSS/BFSK system is analyzed in [14] in the TIMS experiment: “FH-
CDMA/ BFSK”, Emona TIMS Volume D6 — Advanced Spread Spectrum Experiments, experiment:
D6-03.

# Analyzing of FHSS/BFSK system is analyzed in [13] in the TIMS experiment: “Spread
Spectrum - Analysis of Frequency Hop Spread Spectrum”, Emona TIMS Volume D5 — Basic Spread
Spectrum Techniques, experiment: D5-02.

Exercise 6.14:

The terminal (aircraft) uses the FH/SS system to communicate with ground terminals via satellite. EIRP
= 20 [dBW]. Transmission rate R, = 100 [b/s]. The jammer transmits broadband AWGN, continuously

with EIRP; = 60 [dBW]. Assume that required (Eb /Jo) ; =10 [dB] and that the signal propagation

re

losses with respect to the satellite are the same for both the aircraft and the jammer (Lpr = Lpy).
Determine:

a) from the communicator's point of view, which is worse interference UL or DL
b) if Ma; =20 [dB] is required, what must be the system bandwidth Wqs

D satellite
/2' - QHHH"‘;
P . /
Lot pd // /7 S
o EIRPs =35dBW
X - e s ! =
terminal /,/’l/::/’ /

N //,, / /

// -'III Lpy
EIRPy=20dBW N /./ ."ll

—  jJammer

EIRP =60dBW
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Solution:

a)

From the communicator's point of view, UL jamming is much worse, because such "focused" jamming
can degrade the communication of a number of terminals that simultaneously use the same transponder.
(The jammer transmits a narrow beam directly to the satellite). To achieve the same effect for DL
jamming, the jammer would have to jam each receiving station separately.

b)

If we assume: Lp; = Lp;, then:

; _EIRP, s _ EIRP, (ij _EIRP,
- I—P - I-P S recieved - EII:\)F?I'
J J

mofoe]-( 3 | [oel-(3 ) lee

req. r
M, [dB]=(%) [dB]- EIRP, [dBW ]+ EIRP, [dBW ] =

req
-P, [dB]—(f—J [dB]+ EIRP; [dBW |- EIRP, [dBW ] =>

0 Jreq.

P, [dB]=M,, [dB]+(5} [dB] - EIRP; [dBW ]+ EIRP, [dBW | =

0

=20+10-20+60 = 70 [dB]

S W, = P, R, > W, [dBHz]= P,[dB]+ R,[dBHz] = 70+ 20 = 90[dBHz] = 1[GHz]

If we consider a system with an additional multiplier, then: W, = 2 P; R, = 2[GHz]

Exercise 6.15:

FH/SS system is using non-coherent BFSK modulation. System parameters are: processing gain is:
P, =6400, bitrateis: R, =64 [kb/s], E, /J, =10, Determine:

a) the bandwidth of the jammer so that the bit error rate probability of the communicator is
maximal
b) Pomax for given parameters

Solution:
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In case of non-coherent BFSK bit error probability can be approximated as: B, = gexp {—pZETb}
0

where: p = VV\\//—J =pe <0,1>
SS

Therefore it is necessary to determine p = p, so the bit error probability Py is maximal:

%ziexp _pi +£exp _pi _i =lexp _pi 1_pi =0
p 2 23,) 2 23, )\ 23,) 2 J 27,

2 g By
. E J,
27, e
1 if —b<?
‘]0
1
23,3, 2
P7E 1§
‘]0 ‘]0

In our case: 5:1O:>,o: =0.2

0

2
E
JO

p:\%:wj = pW, = pP, R, =0.2x6400x 64x10° =81.92 [MHz]

SS

W, =6400x64x10° = 409.6 [MHz]

b)

e—l

E =—=0.03678
10

2 >2=P =

e—l
0 E
J 0

Exercise 6.16:

The repeat-back jammer is d = 30 [km] away from the communicator and can monitor UL traffic to the
satellite. How fast must the communicator change frequency to cancel the effect of the repeat-back
jamming? Assume that the jammer is able to change frequency instantaneously and that the time
difference between the UL signal of the communicator and the UL signal of the jammer is the
propagation time from the communicator to the jammer.
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Natellite

UL
communicator L

~— > jammer

d

Solution:
In order for the frequency of the communicator and the jammer not to overlap in time, the following

3
must apply: T, Sg T, < 3010
c

=10"[s] = R, >10*[hops/s]
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Chapter 7: Communication channels
BSC channel

The Binary Symmetric Channel describes the data transmission as an independent series of transmittions
of individual bits. Because of the independence, a single bit transmittion is sufficient for the analysis of
BSC channel properties. The BSC channel is completely described by the error probabilty q — a
conditional probabilty that a transmitted bit zero gets corrupted to a received bit one, and vice versa.
The transmitter (TX) and receiver (RX) are then described by discrete random variables, denoted X and
Y in Fig. 7.1:

I-q

Fig. 7.1: The BSC channel model.

As shown in the figure, 1 — q is the conditional probability of successful transmission. The BSC channel
may be also modelled in a matrix form:

1-9 ¢
qa 1-q
The binary transmitter is described by an alternative probability distribution of binary values zero and
one:

Xi 0 1
pi p 1-p

while the same applies for the binary receiver:

Yi 0 1

pi u 1-u

The discrete probability distribution of Y is completely determined by the parameters of the transmitter,
and BSC channel. We can use the law of total probability:

P(Y) = X P00 Py /)= PO, =3 POX) - Y,/ X) 71

by applying it to the binary alternative distribution of X and conditional probabilities of the BSC channel:

u=p@Y =0)=p(X =0)- p(Y =0/ X =0)+ p(X =1)-P(Y =0/ X =1)
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u=p(Y =0)=p,d-0a)+ p,a=pA-a)+{1-p)q
p(Y =) =1-u=pqg+(1-p)1-0)
Joint probabilty distribution of the BSC channel

We obtain the joint probability distribution of a random vector (X, Y) consisting of two discrete random
variables X and Y representing the transmitter and receiver in the following way:

The all possible cominations of values are given by the Cartesian product of vall values of X and Y and
we calculate their probabilities by using the conditional error probabilities of the channel as shown by
the equation below:

PXY)=p((X=X)v (Y =y))=p(X=X)- p(Y =y/ X =X)=p(X)- p(y/Xx)

For a BSC channels both X and Y may only have two valuues: 0 and 1, which make for 4 different
combination, shown in Table 7.1:

Y\ X 0 1
0 | p(0,0) =p0.p(0/0) p(1,0) = pl.p(0/1)
1 | p(0,1) = p0.p(1/0) p(1,1) = pl.p(1/1)

Table 7.1: The joint probability distribution for the input and output of a BSC channel.

If the distributions of both X and Y is know, we must be careful and resist the temptation to fill the table
by simply multiplyingh the probabilities: this would be correct if we know that X and Y are independent
random variables, which in the context of data transmission would mean a channel with no capacity.
We will elaborate in the examples below.

Table 7.1 completely describes the transmission and if it’s known, we can calculate the probability
distributions of both X and Y by the process of marginalization:

p(X)=>_ p(x,y)

(7.2)
p(y)=>_p(xY)

If we apply the marignalization equations, we may extend Table 7.1 to also include the distributions of
Xand Y, see Table 7.2.

Y\ X 0 1] p(Y)
0 | p(0,0) p(1,0) p(0,0)+p(1,0)
1| p@,2) p(1,1) p(0,1)+p(1,1)
p(X) p(0,0)+p(0,1) | p(1,00+p(1,1)

Table 7.2: Joint probability distribution and marginalizations.

What are important for the receiver design are actually the posterior probabilities:

p(X,Y)

7.3
o(y) (73)

p(x/y)=
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We will discuss them in more detail in later chapters.

Exercise 7.1:

A digital communication system transmitter transmits the symbols 0 and 1 with probabilities 0.6 and
0.4. A BSC channel introduces and error with a probabilti 0.3. Calculate:

a) The Q matrix describing the BSC channel.
b) Joint probability distribution of transmitter and receiver (X, Y).
c) The probability distribution of Y using:
1. Marginalization
2. The law of total probability
d) The probability of transmitting the symbol 0, given a received symbol 0
e) The probability of transmitting the symbol 1, given a received symbol 0

Solution:
a)
9 0.7 0.3
103 07
b)
Y\ X 0 11 p(Y)
0] 0.6x0.7 =0.42 0.4x0.3=0.12 0.42 +0.12 = 0.54
1] 0.6x0.3=0.18 0.4x0.7 = 0.28 0.18 +0.28 = 0.46
p(X) 0.42+0.18=06 | 0.12+0.28=0.4 | Sum==1
c)

1. The marginalization is show above in the last column of the table.
2. Using the law of total probability:

pY =0)=p(X =0)-p(Y =0/ X =0)+p(X =1)-P(Y =0/ X =) =
=0.6x0.7+0.4x0.3=0.42+0.12=0.54

p(Y =1) = p(X =1)- p(Y =1/ X =1)+ p(X =0)-P(Y =1/ X =0) =
=0.4x0.7+0.6x0.3=0.28+0.18 = 0.46

p(X=0Y=0) 042 7 _
P(Y=0) 054 9

d) p(X =0/Y =0)= 0.78

P(X=1Y=0) 012 2 -
e) p(X =1/Y =0) = (P(YZO) ):054:§=o.2 n

Exercise 7.2:

The same assignment as in exercise 7.1, but:
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A. Using a completely unreliable BSC channel.
B. Using a completely reliable BSC channel.

Solution:
) 0 05 05
a =
05 05

As shown in Table 7.2, we calculate the probability mass functions of the random variables X and Y by
marginalization (7.2) — by summing all the probabilities in each row to get p(Y), and summing all the
probabilities in each column to get p(X). In the table below, we can see that for every possible value of
the random vector (X, Y), it is true that P(X, Y) = P(X) . P(Y). Therefore the random variables X and Y
are independent and no data transmission is actually posible.

A

b), ¢)

Y\X 0 1] pey)
0.6x0.5=03 | 04x05=02 |03+02=05
0.6x05=03 | 04x05=02 |03+02=05

p(X) 03+03=06 |02+02=04 |Sum=1

The independence of X and Y is also demostrated by the definition of independence, i.e. by the
conditional probability p(X/Y) being not affected by p(Y):

d) P(X=0/Y=0)=0.3/05=0.6=P(X =0)

e) P(X=1/Y=0)=0.2/05=0.4=P(X=1)

B.
) 0 10
a =
01
b), c)
Y\ X 0 1| p(Y)
0| 06x1=0.6 0.4x0 =0 06+0=06
1]06x0=0 0.4x1=0.4 0+04=0.4
p(X) 06+0=06 0+0.4=04 Sum =1

As expected, a completely reliable channel makes Y a deterministic function of X. This is show also
when anumerating the posterior probabilites.

d) P(X=0/Y=0)=06/06=1

e) P(X=1/Y=0)=0/0.6=0
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AWGN Channel

Natural - thermal (Johnson) noise is caused by the thermal movement of electrons and therefore cannot
be eliminated from electrical devices. Good design can minimize its impact. It can be described by a

Gaussian distribution with zero mean. An analytical model of thermal noise is AWGN, which has the
following parameters:

G,(f)= No {ﬂ} —> double sided PSD (7.4)
2 | Hz
W . .
G,(f)=N, {H_} — single sided PSD (7.5)
z
Gi(f)
&
N_D
2
> f
0

Fig. 7.2: PSD of an AWGN noise.

R,(r)=FT *{G,(f)}= %5(7) —> any two samples of AWGN are uncorrelated (7.6)

Ru(T)

Fig. 7.3: Autocorrelation of an AWGN noise.

Mean power: P, = J. G, (f)df =c0— AWGN has an infinite bandwidth (7.7)

—00
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Normal distribution:

The random variable X has a normal probability distribution, denoted N(a,o”) with parameters: s -
mean, o - variance if its probability density function (pdf) has the form:

1 _ (x=p)°

f(x)= e 2 (7.8)

o2

The distribution (error) function F(x) expresses the probability that the random variable X with
N (1, 0%) takes the value <X :

1 X _(t-p)?
F(X) = e 20 dt (7.9)
o\2r _'[O

In case of normalized normal distribution with parameters: N(0,1) the pdf has the form:

XZ

1
Fnon = Ee ? (7.10)

The distribution function of normalized normal distribution is then:

x
[N}

d(x) = e ? (7.12)

¥~
S

The distribution function of normalized normal distribution is in form of tables or is programmed in e.g.
Excel, Mathematica or MATLAB in the form:

v
erf (x) = 2dt (7.12)

1 X
—— j e
N2rm
If we want to use this function or tables for normal distribution with g # 0, o? #1we have to modify
the argument of the distribution function:

X_
F(x) = q)(—”} (7.13)
O
Co-error function Q(x) expresses the probability that the random variable X with N(y,az)takes the

value > X :

o (t-p)’
fe > dt (7.14)

1
Q(X)_a\/ﬂx

Its normalized version has the form:
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t
2 dit (7.15)

Q0= =]

This function is also expressed in tables or is programmed in the form:

erfc(x) = “at (7.16)

2 fe
NEX
Relation between erfc(x) and Q(x):

erfc(x) = ZQ(Xﬁ)

1 X
Q(x)= 5 erfc (ﬁj

If we want to use this function or tables for normal distribution with 1 # 0, o> # 1we have to modify

(7.17)

the argument of the distribution function:
X_
Q) =Q, (Tuj (7.18)

Other important relationships:

Q(X)+d(x) =1

D(X) =1-D(—x) = D(—X) =Q(X) (7.19)

Fig. 7.4: The reltionship between probability density f(x), cumulative distribution function ®(x), and
the complementaty error function Q(X).

Exercise 7.3:
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AWGN is defined by its variance: a(f =10"". Calculate the probability that the voltage noise level will
be in the interval:

a) (+100,+500) [V]
b) (+1,+3) [mV]

Solution:

AWGN has a normal distribution; it means that the probability that the voltage noise level u, is greater
than some value of x is:

P(u, > x) =Q(x)
If we want to calculate the probability that: u, e(a,b), then:

P(a<u,<b)=P(u,>a)-P(u, >2b)=Q(a)-Q(b) — see Fig. 7.5.

Fig. 7.5: Calculating probability by integrating probability density function.

Since: o #1=>we have to modify the argument of Q function:

a)
10°* 5x10™
P(+100[V]<u, <+500[V]) =Q| ——= |- Q| ——= |=Q(0.316) - Q(1.58)
V10~ Nl
=0.3745-0.0571=0.3174
b)
10°° 3x107°
P(+1[mV]<u, <+3[mV]) = Q(—] -Q [—j =Q(3.16) —Q(9.486)
V10~ V10~
=0.0008-1.203x10** = 0.0008
N _ - 1 [*7]
For larger arguments ( X > 3) we can use an approximation e.g.: Q(X) = e |
X271
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# Basic properties of generated AWGN are analyzed in [16] in the TIMS experiment: “Random
Variable Analysis: AWGN and erfc”, Emona TIMS Signals & Systems Advanced Experiments —
Volume 2, experiment: S&S Vol.2-06.

Lab 7.1: Random number generation, random noise generation, properties of AWGN

Many properties of the AWGN were mentioned in the theoretical section of this chapter. The actual
definition of AWGN in literature looks, however, often quite different. It may be summarized in the
following way: AWGN is a wide-sense stationary normally distributed ergodic stochastic process that
is completely defined by its first and second moment: the mean x and variance o2, Sometimes,
especially in the context of digital communications systems, the usual real-valued normal probability
distribution N( z o2) is not sufficient and a complex-valued CN( x, o?) must be used, introducing
additional mathematics. Before going into these details, it is interesting to revisit the theoretical
properties of AWGN and their formulation: The autocorrelation function Rn(z) of AWGN show in Fig.
7.3 is a Dirac impulse indicating the complete lack of correlation between any two different time points.
One of the mathematical properties of the autocorrelation function is that its Fourier transform is the
AWGN noise Power Spectral Density (PSD) Gn(f) shown in Fig. 7.2 as a constant line. This is
compatible with the common knowledge that a white light consists of all the colors equally distributed,
which translates directly to equal distribution of all frequencies within a white noise signal. The theory
looks fine until we start to play with MATLAB and try to approximate the AWGN process by using
built-in random number generators, such as the randn () function. If we use it to simply generate a
vector of samples and then calculate an estimated Rq(z) and Gn(f) by calling xcov () (or xcor () ) and
f£ft () functions, after we plot the results we will be surprised by a lack of similarity of the plots in Fig.
7.6 below with figures 7.2 and 7.3.

10
5]
D L
0 5 0 15 20
40 150
30
100
20
10 50
0
0
0 10 20 30 40 0 10 20 30 40

Fig. 7.6: Naive Fourier analysis attempt: One realization of a random process (top left), its spectrum
obtained by £t () (top right), autocorrelation Rn(7) (bottom left), and PSD Gn(f) (bottom right).
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Obviously, when using the pseudo-random generators in MATLAB we must pay more attention to the
details. First it is necessary to understand the difference between probabilistic and statistical formulation
of the equation that define the basic moments we use to evaluate for (pseudo) random signals. For the
purposes of this chapter we will be interested only in selected first and second moments: mean, variance

and covariance.

As described in Chapter 4, the only option we have on a computer is to work with discrete-time and
discrete-frequency signals represented by vectors or matrices, and we use the analogies between discrete
and continuous form to infer properties of signals coming to and from a computer through some
converter. It would be perhaps more appropriate to plot the signals in Fig. 7.6 using the stem ()
function to emphasize their discrete character:

]

T o
i il
=

f T@T ¢? Yo
5 |

0 5
-1 T T
-2 T T
& o LLLY i
0 5 10 15 20 0 5 10 15 20
40 150
30 o) o
100
20
10 :]7 50
il ®o B H
At Ll
0 10 20 30 40 0 10 20 30 40

Fig. 7.7: Naive Fourier analysis attempt — the same signals as in Fig. 7.6 but plotted as discrete-time

(or discrete frequency) signals — vectors.

In the probabilistic view, we define the first moment of a random variable X separately for discrete
random variables with probability mass function and continuous random variables with probability

densities:

Expected value or mean: u=m_ =E[X]= in p, discr. E[X]= J._w x f(x)dx cont. (7.20)

i=1

Then we can simply define selected second moments for random variables X and Y:

Variance or dispersion: o = Var(X) =E[(X — ©)*]=E[X?]-E[X]

Covariance:

(7.21)

Oyy =COV(X,Y) =E[(X —E[X](Y —E[Y]D]=E[XY]-E[X]E[Y] (7.22)
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We can also define zin a common formula for both discrete and continuous variables (and mixed ones)
by using Lebesgue integration, but let’s keep things simple for now. As shown in (7.20), these theoretical
definitions often deal with infinite number of elements, or uncountable continuum, and will therefore be
of little use for our practical real-world examples that always deal with finite and even quite small
datasets.

Let us now summarize some important and often used properties of these moments:

E[X +Y]=E[X]+E[Y] (7.23)
E[aX]=aE[X] (7.24)
Var(X)>0 (7.25)
Var(X +a) =Var(X) (7.26)
Var(aX) =a’Var(X) (7.27)
Var(aX £bY)=a*Var(X)+b*Var(Y) £ 2abcov(X,Y) (7.28)
cov(X,a)=0 (7.29)
cov(X, X)=Var(X) (7.30)
cov(X,Y)=cov(Y, X) (7.31)
cov(aX,bY)=abcov(X,Y) (7.32)
cov(X +a,Y +b) =cov(X,Y) (7.33)

Now that we have the usefull properties summarized, let’s look at the statistical formulation of
equivalent metrics for finite dataset size N, usually obtained by measurement:

1 N
Sample mean: Sm=X= WZ X; (7.34)
i=1
. 2 1 N —\2
Sample variance sv=s’= N1 (x, —X) (7.35)
) 1 = _
Sample covariance SC=S,y =17 (x=X)(y;—Y) (7.36)
R

We would intuitively expect, that the sample moments (also called statistics) will approximate the
theoretical moments, and even converge to them with rising value of N. Indeed, we will show this in the
following exercises.

MATLAB Exercise 7.1: Generate pseudo-random matrices
Using the randn () built-in, implement a function with a given the prototype:
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function Rn = random( s, m, VvV )
Generate a matrix Ry, of pseudo-random floating point values drawn from a normal distribution, Let the
size of the output matrix be M x N (defined as input vector s = [M N]) and the optional parameters
be:

m — desired sample mean value with default value O if not specified

v — desired sample variance with default value 1 if not specified

Implement the generator/wrapper using a simple transformation utilizing the moments properties
defined above.

Note: You don’t have to implement the formulas (7.34) to (7.36), just use the MATLAB built-in
functions mean (), var () and cov () instead. See their help for their exact definition of sample
moments.

Test your generator function for m = 8 and v = 3 for a small output matrix size M =5, N = 10. Run your
generator several times to see it really produces different numbers each time.

Also analyze the resulting matrix - calculate the sample mean and sample variance of the output using
the built-in functions mean (), var () :

a) for each column - the results will be row vectors of sample averages and variances.

b) for each row - the results will be column vectors of sample averages and variances.

c) for the whole matrix - the results will be two scalar numbers per each matrix: sample mean and
sample variance.

Observe, that the resulting sample mean and sample variance will be slightly different than the specified
desired values m = 8 and v = 3. This is the essence of dealing with random variables.

MATLAB Exercise 7.2: Convergence of sample mean and variance

Using your random () function, generate a pseudo random column vector V of varying length N (use
a for cycle with exponentially growing N, suchasN = [1 2 5 10.7[1:5]1]),

with given desired sample mean and variance values: m = 10, v = 3. For each vector length N calculate
the sample mean sm and variance sv (using MATLAB built-ins) and for each calculated sm and sv
calculate their relative errors in percent That means error with respect to the desired values m =10, v =
3. Let us define the relative errors as:

|sm—m|

Relative error of the sample mean: e = -100 [%]

m

sV—V
Relative error of the sample variance: e, = u -100 [%]
v

Vv

Also print these values. The errors should converge to zero with large N — Fig. 7.8 shows one potential
output:
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1, mean:

2, mean:

5, mean:

10, mean:
100, mean:
1000, mean:
10000, mean:
100000, mean:

9

11.
9.

10

10.
9.

10
10

613017,
235384,
780189,
.272244,
105764,
990951,
.008857,
.006103,

var:
var:
var:
var:
var:
var:
var:
var:

N oW N W N O O

.000000,
.198815,
.901786,
.388240,
.486989,
.854616,
.01997¢,
.997498,

mean
mean
mean
mean
mean
mean
mean
mean

err.:
err.:
err.:
err.:
err.:
err.:
err.:
err:

o O O NN MNW

.069828%,
.353842%,
.198108%,
L.7122436%,
.057642%,
.090493%,
.088570%,
.061028%,

var
var
var
var
var
var
var
var

err:
err:
err.:
err.:
err.:
err.:
err.:
err:

Fig. 7.8: Convergence of sample moments sm, and sv towards  and o°.

100.
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000000%
372837%

.273812%

725344%
232971%

.846142%
.665860%
.083413%

We have seen that a random variable can be represented by a set of points — values drawn from a given
distribution (often times normal). This set can be stored in a column or row vector, or even in a matrix
or volume. The matrix representation however is more suitable to represent a different entity in the
context of communications systems simulations — a random or stochastic process. The rigorous
definition of a random process is outside the scope of this book, but we may think of it as a random
function — usually a random function of time: X(t). Similarly to a random variable, the random process
is practically described by its moments, which themselves are functions.

For a random process, two moments are especially important: the mean my(t), and the autocorrelation
function Ry(t), defined for a real-valued process as:

p(t) =E[X(1)]

R.(t,t,) = ELX (t) X (t,)]

(7.37)

(7.38)

Out of the many types of random processes, the Wide-Sense Stationary (WSS) processes are often used

in analysis. For a random process to be WSS, the following conditions must be met:

u(t) =const

R, (t,t,) =R, (7), where 7 =t, —t,

(7.39)

(7.40)

This means that the autocorrelation function depend only on the difference between the time instants,
not on their actual position on the time-axis. For a WSS with autocorrelation R«(z), a Power Spectral
Density (PSD) function describes the process in the frequency domain:

G,(f)=F[R(?)]

(7.41)

where F denotes the Fourier transform. Functions Ry(z) and Gx(f) are equivalent to functions with same
names and symbols defined in Chapter 4 for deterministic signals along with their properties:

Properties of R«(7):

1. R(2)=R(-7)
2. R/(z)<R(0)
3. R(0)=P,

Properties of Gx(f):

L G.(f)=

0
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, G ()=G,(-T)

3. [T G (f)df =P,

Another important type of random processes is the Gaussian random process — such a process if sampled
at any time instants ti, to, ..., tn, where N is finite, then the resulting random vector — vector of random
variables (X1, Xz, ..., Xy) = (X(t2), X(t2), ..., X(tn)) is a Gaussian random vector — random variables X;
to Xy are jointly Gaussian. A random vector is simply a column vector

X = (X1, Xa, ..., Xn)", consisting of finite number N of random variables.

Its expected value, or mean, is simply defined as a vector of mean values of the constituent random
variables:

m=E[X]=(E(X,)) (7.42)

The variance itself is insufficient second moment in this case, and is functionally replaced by the
covariance matrix C, defined as:

C=E[(X-m)(X-m)"]=(c; )=(cov(X;, X)) (7.43)
Its entry at indices i and j represent the covariances between components — random variables X; and X;.
Therefore C is symmetrical, and the elements on the main diagonal are the variances of the components

Xi. In a Gaussian random vector, its N-dimensional probability density function (pdf) is called the joint
pdf and defined as:

_(x-m)" C(x-m)
2

1
(27)"* (det(C))"* °

p(x) = (7.44)

Finally the famous AWGN noise model, ubiquitous in any theoretical communication channel
description as well as in practical simulations, is a random process N(t) that satisfies all of the following
conditions:

1. IsaWSS

2. u)=0

3. Is a Gaussian process
N

4. G, (f)=const=—-=2

2

Similarly to a random variable that can be described by a potentially infinite set of realizations — random
numbers, a random process can be described by a potentially infinite set of random functions. Figure
7.8 shows 4 realizations of a MATLAB generated model/approximation of a random process.
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Figure 7.8: Four realizations of a discrete-time random process/ random function X[n].

A random process X(t) can be viewed from two perspectives: as a (potentially infinite) collection of
functions (realizations x;(t)) called an ensemble (of realizations), or as a time-series of random variables
Xi = X(t;), taken at some (potentially infinite) set of time instants t;. For practical purposes we will again
focus on modelling a random process on a computer. This implies:

1. discrete-time representation of (random) realization x[n] = x,.=xn

2. discrete-frequency X[k] = X« = xk representation of their (random) spectra

3. finite set of realizations constituting an ensemble

4. representation of each function as a finite-length vector of samples - real or complex numbers

These properties make a matrix an ideal representation for a random process, where each column can
represent one realization function with the row index representing index of time sample (With the
realistic assumption of regular sampling at integer multiples of sampling time Ts).

MATLAB Exercise 7.3: Sample mean and variance of a random process

Using your random () function write a script, that generates a matrix Ry of random numbers drawn
from the standard normal distribution N(0,1). Interpret Ry as an approximation of an ensemble of
random functions where each function is stores as one column. Use N = 100 as a number of time samples
(rows). Using the built-in functions mean () and var () calculate the sample mean sm and sample
variance sv of all the random variables Xi representing time samples of the random process. The
resulting sm and sv will therefore be vectors representing discrete-time functions. Plot the resulting mean
and variance functions for increasing number of realizations s = [10 100 1000 10000].
Figure 7.9 shows the resulting functions that are again random. It can be seen from the first subplot in
the top left corner, that for a small number of realizations, the results vary quite wildly, from other
subplots, we can see that we need an ensemble of at least 1000 functions in order to get intuitively
expected results.

Note: Because of relatively large number of samples N, the plots are drawn using the plot () function
and not stem (), which would intuitively be a more appropriate for discrete-time signals. Should we
try to use stem (), the plot would get completely filled and very hard to read. The use of stem () is
therefore practical only for a small number of displayed points. Also, we may justify this choice by
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remembering, that the vectors in MATLAB represent samples of some continuous-time function that
has been converted using an analog to digital converter for processing.
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Figure 7.9: Sample mean and sample variance as a functions of time for a Gaussian random process
with samples at each time instant are drawn from N(0,1).

Let us now look at the same example from a different perspective — let’s try to analyze each realization
— column of the Ry matrix separately, and let us view it as samples of a random variable. For sure we
can calculate sample mean and sample variance.

MATLAB Exercise 7.4: Sample mean and variance of a random vector

Using your random () function write a script, that generates a matrix Ry of random numbers drawn
from the standard normal distribution N(0,1). Interpret Ry as sets of realizations of a random vector X
= (X1, Xz, ..., Xn), Where each column j of Ry represents values belonging to random variable X;. Use N
= 10 as a number components of the random vector (columns of Ry). Vary the number of samples in
each column s = [10 100 1000 10000] and draw the resulting sample means and sample
variances of X, obtained by mean () and var (). Use stem() to emphasize the discrete nature of a
random vector.

Also, pay attention to the MATLAB auto-y-axis scaling feature. This can be quite tricky for an
inexperienced user, so let us plot three graphs for each value of s: Just the means of X, just the variances
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of X, and the means and variances together in the same graph. Fig. 7.10 shows two such graph triplets
for sample size s = 10, right s = 100.

means - autoscale 0.2 means - autoscale
0.4 '
"] |
0.2 ‘ 0 ] t J 1 l
0 h
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-0.6 -0.4
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1.5
1
1
0.5
0 ‘ 0
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X[j] X[j1
5 means and variances - in scale 1s means and variances - in scale
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0 5 10 0 5 10

Xl X[

Fig. 7.10: Sample means and variances of components of a random vector (X1, Xz, ..., X10). Left:
sample size s = 10, right s = 100. Only the bottom row provides immediate visual clue regarding the
scale of the random values sm and sv.

Fig. 7.10 shows what we expected: the means and variances of the random vector components X; being
themselves random, along with the fact that a larger sample size visibly converges to theoretical values.
Similarly Fig. 7.11 shows further improvement for even larger dataset size.
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Fig. 7.11: Sample means and variances of components of a random vector (X1, Xz, ..., X10). Left: sample
size s = 1000, right s = 10000.

What did we do in the previous two exercises? We interpreted the same pseudo-randomly generated
matrix of samples drawn from N(0,1) in two different ways, with increasing number of ensemble
realizations in Exercise 7.3 and time samples in Exercise 7.4, converging to very similar results — values
sm and sv. Stochastic processes, for which these values converge, regardless if being calculated as
ensemble moments, or from time-samples of one realization, are called ergodic processes. The AWGN
random process is an example of an ergodic process.
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With understanding of mean and variance calculation and behavior, let us now return to the other two
important characteristics of AWGN: autocorrelation function Ry(z) and PSD Gy(f). Intuitively, we
expect, that using a computer approximations and finite sample size, we will have to use the sample
moments defined in equation 7.34 to 7.36, from which we will obtain a random sample autocorrelation
Rxs[m] — a function of discrete time delay m and a random sample PSD G[k] as a function of discrete
frequency. We can also foresee, that these two random statistics shapes should converge to the clean
theoretical charts show in Fig. 7.2 and 7.3 (repeated here as Fig. 7.12) with increasing dataset size.

Ry(?) G

v
-
Y
~,

Fig. 7.12: Textbook depiction of the autocorrelation function Ry(z) and power spectral density Gy(f) of
a white Gaussian stochastic process.

Just as we approached the mean and variance by averaging over some sample size in the previous
examples, we can calculate the approximation of a random process autocorrelation by simply calculating
autocorrelations of each of the random realizations and then average over these random realizations of
the autocorrelation.

A non-normalized cross-correlation of a two vectors may be defined as:

N 1

727 XoomYys M0
0 (7.45)

[-m], m<0

R,[ml=1 &=
R

Xy

MATLAB Exercise 7.5: Simple cross-correlation of two vectors

Implement a public function with the prototype:

function [ R, lags, lag0i ] = xcor( a, b )

that will calculate simple non-normalized cross correlation of two column vectors a and b as defined by
(7.45). Rewrite the equation for MATLAB indexing starting at 1. If we denote the lengths of the vectors
la and Ib, the result will be la + Ib - 1 samples long. Also calculate the lags vector — vector of shifts for
proper x axis labeling. Also calculate the index of the largest Ry, value - 1ag0i.

Read Chapter 4.1 again and use your implementation of the convMtx () from Chapter 4.1 in your
implementation.
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MATLAB Exercise 7.6: Ensemble cross-correlation

Implement a public function with the prototype:

function [ R, lags, lag0Index ] = excor( A, B )

that will calculate cross correlations for each of the realizations stored as columns of matrices A and B.
This functions should act as a simple wrapper to the function xcor () from the previous exercise.

The number of columns of A and B must be equal and if only one argument is supplied, the function
will calculate the autocorrelations of the columns of A.

MATLAB Exercise 7.7: Random process autocorrelation function approximation

Using your random () function write a script, that generates a matrix Noise of random numbers drawn
from the standard normal distribution N(0,1). Interpret Noise as an approximation of an ensemble of
random functions where each function is stores as one column. Use N = 100 as a number of time samples
(rows). Use the excor () function to calculate an ensemble of random autocorrelations and then use
simple average to obtain the desired random process approximation Ry[m]. Plot the resulting
autocorrelation function estimate for increasing number of realizations s = [1 10 100 1000].

Fig. 7.13 shows the convergence of the sample R«[m] towards the theoretical value Ry(7).

1 realizations 10 realizations
100 120
80 100
80
60
60
40
40
20
20
0 0 A A I r]
-20 -20
-100 50 0 50 100 -100 -50 0 50 100
delay [m] delay [m]
100 realizations 1000 realizations

120 100

100 80

B0
60

60
40
40

20

zz sl T

-20 -20
-100 -60 o 50 100 -100 -50 0 50 100

delay [m] delay [m]

Fig. 7.13: AWGN autocorrelation function estimate as a result of averaging s cross-correlations
realizations.
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MATLAB Exercise 7.8: Random process PSD approximation

Using your random () function write a script, that generates a matrix Noise of random numbers drawn
from the standard normal distribution N(0,1). Interpret Noise as an approximation of an ensemble of
random functions where each function is stores as one column. Use N = 100 as a number of time samples
(rows). Use the excor () function to calculate an ensemble of random autocorrelations. Use ££t ()
to calculate and ensemble of random spectra and then average these to form the resulting random process
PSD estimate. Alternatively average the random autocorrelation and then use f££t () to calculate the
resulting PSD. The results should be the same.

Plot the resulting PSD function estimate for increasing number of realizations s = [1 10 100
10007 . Observe the resulting plot, and add y-axis scaling so that the chart isn’t automatically zooming
in. See Fig. 7.14 and 7.15.

1 realizations 10 realizations
300 T T 220 T
200
250
180
200 160
150 140
120
100
100
50 . . \ \ . . 80 . \ . . \ .
o 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
frequency [k] frequency [k]
100 realizations 1000 realizations
150 T T 136 T
145 134
140 1 132
135 130
130 128
125 1 126
120 124
15 * * 122 * *
o 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
frequency [k] frequency [k]

Fig. 7.14: AWGN power spectral density estimate as a result of averaging s random spectra. The auto-
scaling of the y-axis introduces much confusion.
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Fig. 7.15: AWGN power spectral density estimate as a result of averaging s random spectra.
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frequency [k]
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The y-axis limits were set manually for the user to be able to see the actual flattening of the spectrum.
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Chapter 8: Signal Detection
Detection of binary signals under the presence of AWGN

Block diagram of the optimal receiver:

r(t) =s;(t) +ny(t)

l =T . .
decision
linear filter ;q block §.(t)
o) Hi —>
h(), H() T 2T < v
AWGN Ho
2(t) = 3, (1) + 1y (1)

n(t)
2(T) =a,(T)+ny(T)

sten 1 sten 2

A

A 4
A
A\ 4

Fig. 8.1: Block diagram of the optimal receiver.

s; (t) - sent signal

n(t) - AWGN

r(t) - received signal

Z(t) - output of the linear filter — Gaussian random variable

a; (t) - signal component of z(t) assuming that signal s; (t)

N, (t) - noise component of z(t)

z(T) - test statistic (a voltage proportional to the energy of the received symbol)
H,, H, - statistical hypothesis

y - decision threshold

S, (t) - estimate of the sent signal

Detection consists of two steps:

Step 1 - transforming the received signal r(t) into a sample z(T) - which is the test statistic. It can be

done by a linear filter, after which a sampling circuit is connected. For optimum reception (min Py), the
following filters should be used:

(a) a matched filter (MF)
or
(b) a correlator

Step 2 - deciding which signal has been transmitted by comparing the value of z(T) and the decision
threshold y. The decision results in one of the possible hypotheses H,, H,, which then determines the
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estimate of the transmitted signal §, (t) . At the beginning of each symbol interval T, the initial conditions

of the MF or correlator are set to zero values. At the end of the interval T, a sample appears at the output
of the MF or correlator . The linearity of the filter causes that if the input is a random variable ( sent
signal + AWGN) with a given distribution, then at the output we will also get a random variable with
the same distribution (in this case Gaussian).

Matched filter - is a linear filter constructed to maximize S/ N at the output for a particular waveform.
2

S a
It is the optimal filter. It is designed so: (WJ = —_-is maximal. Main characteristics of MF:
Oy

e transfer function: H(f)=kS*(f)e '#*'" where S*(f)is a conjugate spectrum of
the filtered signal

ks(T -t 0<t<T
e impulse response: h(t):{ (T-1)

otherwise

At the time t =T the output of the MF and correlator is identical:
t T T
2(t) = r(t) *h(t) = [ r(D)h(t—7)dz = [kr(2)s[T - (t-0) Az =k [ r(r)s(z)dz = 2(T)
0 0 0

If the correlator and MF are time synchronized, then their outputs at the end of the symbol interval are
identical. Since the correlator gives a single output value/symbol, it must have additional information
about the start and end of the integration time. If there are timing errors in the correlator, the output to
the detector will be significantly distorted. However, by additional circuitry, the digital MF can learn
the optimum sampling time. Base on the reference correlator input we can distinguish two cases:

1. as areference we take signal prototype — this is denoted as receiver of type I.
2. as areference we take basis function — this is denoted as receiver of type Il.

Analog MF
Exercise 8.1:
Calculate the output of the analog MF if the input signal is:

a) UPNRZ with amplitude A
b) BPNRZ with amplitude A

Solution:

a)
Let:si(t)=A 0=<¢<T ,og1* A>0ands(t)=0 0<¢<T ,blogO0O*
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Block diagram of the detector:

=T
z 5()
| oj& > (D)
0
@) ° 5,(2)
B t=T
[ = ojk > D)
0

5,(2)

Fig. 8.2: Block diagram of a correlator of type I.

The expected value of the output z,(T), if a signal s,(t) has been sent:

(T)=¢{z(T)/ s, (1)}

:g{
:g{

:]AZ dt+]Ag{n(t)}dt

[, () + n(t)] s, (t) dt}

O, | O ey -

[A? + An(t)]dt}

Similarly:

2,(T) = {z(T)/s,(t)}

z,(T)=¢e{z(T)/s,(t)} =0
7,(T)=¢e{z(T)/s,(t)} =0

The detector can be implemented with a single correlator since: s;(t) =0 0<¢<T

The random variable z,(T), 1=1,2 - output from the MF depends on s, (t) and noise n(t), as implied

by the distribution of conditional probability densities:
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2(2)

» (1)

a, =0 a =AT

Fig. 8.3: Conditional probability densities for a unipolar signal in an AWGN channel.

b)
Let:ss() =A 0<¢<T ,og1* A>0andsx(t)y=-A 0<¢<T ,LogO*

The outputs of MF:
z,(T)=e{z(T) /s (t)} = AT

{
z,(T)=¢e{z(T)/s,(t)} = g{].[— A+n(t)]x Adt} =—AT
z,(T) :g{z(l')/sl(t)} =—AT
2,(T)=e{z(T)/s,(t)} = AT
Conditional pdfs:
(z)

p(z/s,)

> (D)

a,=-A'T 0 a=AT

Fig. 8.4: Conditional probability densities for a bipolar signal in an AWGN channel.
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Digital MF

Block diagram of a digital MF:

shift register - N cells

/

r(k)
E— w
r(t) = s(t) + n(t) -
1

2,(k) = Z r(k = n).c,(n)

n=0

Fig. 8.5: Block diagram of a digital matched filter.
Nyquist bandwidth is: W = E , Where T is symbol duration. Therefore Nyquist sampling frequency is:

1
f,=2W = T In real systems sampling frequency fs is usually: >4 f,. During clock pulses at times

r(k) samples enter the register (earlier samples are to the right of later ones). Sampled received signal in
binary case: r(k)=s;(k)+n(k) i=1,2 k=0,1,...mod N - k is the sampling time index).
Weights - approximate h(t) of MF, where n = 0,1,...N - 1 is the time index of the weights and register
cells. N is the number of register cells and the number of samples per symbol. Summation occurs after
all N samples of a symbol have been loaded into the register. In real systems, each sample is represented
by 68 bits depending on the density of the signal constellation (their proximity in the signal space).

The set of weights corresponds to h(t) of MF: ¢,(n) =s,[(N —=1)—n] <«>h(t) =s[T —t]. The output

can then be expressed using the discrete form of the convolution integral:
N-1
z;(k)=> r(k—n)c;(n) k=0,1...,mod N (8.1)
n=0
Assuming that the system is synchronized and T is known, we also assume that the received signal noise
has zero mean, then the expected (predicted) value of the received signal si(t) is

e{r(k)}=s,(k) i=12. Assuming that the signal si(t) has been transmitted, the expected value at
the output of the MF will be:
N-1
e{z,(k)} =D s (k—n)c,(n) k=0,1,...,modN (8.2)
n=0
Exercise 8.2:
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Calculate the output of the digital MF if we consider the transmission of antipodal signaling
sampled with 4 samples/symbol by 3 level sampling, as per Fig. 8.6. We assume a noiseless
transmission. Draw a block diagram of the filter and describe its operation.

4 samples per symbol => N = 4

51

F

+1

500

+1

h

21 o™

Fig. 8.6: Three-level antipodal signals.

Solution:

After sampling: s, (t) — s; (k)
5(0)=+1

s1)=0

5(2)=-1

5(3)=0

5,(0)=-1
s,()=0
s,(2)=+1
5,(3)=0

filter coefficients: c,(n) =s,[(N —1)—n]
c,(0)=5,(3)=0

c,()=s(2)=-1

¢, (2)=5(1)=0

c,(3)=5,(0)=+1

c,(0)=5,(3)=0
C,(1) =5,(2) =+1
c,(2)=s,(1)=0
C,(3)=5,(0)=-1
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—)1-—>s,(3) =0|5,(2) =-1|s,(1) = 0| 5,(0) = 1

t=kT,

r(t) = s,(t)

—_—

3
z(k)f= Z 5:(3-n).c;(n) =
k=’3‘=° z(k=3)=+2

3
z, (k7= Z 5:(3—n).co(n) =

n=0 Zz(k - 3) — _2
k=3

Fig. 8.7: Digital implementation of a matched filter.

Similarly:
e{z,1s}=+2
e{z,ls,}=-2
e{z,1s}=-2
e{z,1s,} =+2
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MAP and ML decision criteria

The output of the detector is a random variable z - mostly continuous. Based on the value of z, the
receiver decides whether the signal si(t) or sz(t) has been transmitted. Therefore, it is useful to know

p(s, / z) (the probability thata signal s;(t), 1 =12 has been transmitted given some particular value

of z at the output of the MF). We can measure p(z/s;). Converting p(z/s;)to p(s;/z)can be done
using Bayes formula:

_ p(Z/Si)P(Si)
p(si/z)——P(z) (8.3)
P(z):Zp(z/si)P(si) (8.4)

MAP (Maximal A’posteriori Probability) - optimal only if all types of errors are equally important (have
equal weight) we choose the signal si(t) that has the highest aposteriori probability p(s, /z):
Hl
p(s,/2) = p(s,/2) (8.5)
HZ
If we substitute Bayes' formula into this relation we get:

Hl
P(s,)p(z/s) " P(s,)p(z/s,)

P(2) H, P(2)
Hl
P(s,) p(z/s, & P(s,)p(z/s,)
H2
Hl
p(z/s) - P(s,) (8.6)

p(zls) , Ps)

2

ML (Maximal Likelihood) — if we assume that: P(s;) = P(S,) then:

Hl
P(2/s) g (8.7)
p(z/s,) H

2
So far we assumed that noise is not present in the channel. In case of AWGN MAP criteria has to be
modified to:

" P(s,) a’-a’| of
za{ln ) 8 = } o 69
H P(Sl) 20, a-a,

2
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Exercise 8.3:

The system uses binary signaling. The output of the detector in the receiver is z. The conditional
probabilities are given graphically:

P P(z/s2) Plafsy)

\
N

»
»

a z

Fig. 8.8: Conditional probabilities of a hypothetical pdf.
Using the criteria:

(a) MAP
(b) ML
determine which signal was sent.
Solution:
a)
From the graph: p(z,/s,)=0.5 p(z,/s,)=0.3. Then:
/s,)P
p(%/Za): p(Za 1) (s) _ 0.5x0.3 0416
p(z,/5)P(s,)+p(z./5,)P(s,) 05x0.3+0.3x0.7
/s,)P
p(s,/2,)= P(2./5,)P(s,) 03x0.7  _ 58333

P(z,/5)P(s)+p(z./5,)P(s,) " 0.5%0.3+0.3x0.7

Since: p(s,/z,)> p(s,/z,)= according to the MAP criterion, the signal s,(t) was sent.

b)
p(z,/s)=0,5>p(z,/s,)=0,3= according to the ML criterion, the signal s:(t) was sent
— what contradicts to a). In this case a decision error occurred since: P(s;) = P(s,) .
|
Exercise 8.4:
The unipolar NRZ signal with the following parameters is used for signaling:
A=5V 0;=10° R,=1[kb/s] S0
A
P(0)=03 s,(t)=0 0<t<T wong e
P(1)=07 s(t)=A 0<t<T A
« e > >
T T
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Calculate the optimal decision level for detection by the MF filter in use:

a) MAP criterion
b) ML criterion

Solution:

a)

Based on the Eg.x the signal components at the output of MF are:

a=AT s(t)=A
a,=0 s,(t)=0

R, =1[kb/s] —T =1[ms], therefore: a, = A°T =5*x107°=0.025and a, =0

The optimum decision threshold is:

0<t<T

0<t<T

Hl
2 2 -6
70 (n23 000571 107 154664107 =y,
0.7 2x10 0.025-0
H2
7, 1s shifted towards s, because: P(s,) > P(s,)
b)
P(s,)= P(sz):%—nfo At 002540 _ 15 5,10
P(2)
o MAP 2 /s)
i
|
N\
|
/ l
= | L >
a=0 /¥, ) P
S RS 103
12,46‘6. 103

# Signal detection in AWGN channel is analyzed in [12] in the TIMS experiment: “Detection on

binary signals in AWGN channel”.

174



Error probability of binary UNRZ signaling in AWGN channel

—-a
Bit error probability at the output of the MF can be expressed as: P, =Q ( 42 ) . Further the output
Oy

N .
of MF in case that the input is AWGN is: 70 =0, [W]=20,=1/2N, (under the assumption of

5, (1)
Je—b’
w,(t) =0. For UNRZ signaling: s (t)=A — E,, = AT and s, (t)=0 — E,,, =0 therefore the

2
mean energy per bit is: Eb:%xAzT +%x0:AT

the type |. optimum receiver — the input signal is correlated with basis functions): w;(t) =

. Then: Signal

0= =
N/C N

.
components at the correlator output: a, (T )= IA«//l (t)dt= J-A% dt=AJT and a, (T)=0.
0

0

A -

If we use only one correlator and at the reference input is applied the difference signal: s, (t)—s, (t),

Finally:

then the bit error probability can be also expressed using the energy of the difference signal at the MF
T

input: E, = ][sl (t)-s, (t)]2 dt = J.[A—O]2 dt = AT and:

0 0
a,-a, AT E,
P — _ 20120 (8.10)
° Q(,/ZNJ QL\/ZNO 2N,
Exercise 8.5:
Calculate the bit error probability for unipolar NRZ signal with the following parameters:
A=5V 0. =10" R, =1[kb/s] P(s,) =P(s,)

s(t)=A s,(t)=0 0<t<T

Solution:

E, =2 (E,, +Ey, ) =2 AT = x5 x10° =12.5x10°
2 ) () 2 2

N, =20, =2x10™*

E 12.5x10°°
P-0| |2 |= ’— =Q(7.9057) =1.353x107"
b Q( NO} Q[ 2x107 ] Q )
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# BER measurement of UNRZ signal is analyzed in [10] in the TIMS experiment: “BER
measurement of unipolar NRZ signals in a baseband distortionless channel”, Emona TIMS Volume
D4 Further Advanced Digital Experiments, experiment: D4-01.

Error probability of binary BPNRZ signaling in AWGN channel

Bit error probability at the output of the MF can be expressed as in case of UNRZ signaling:

P :Q[uj. The basis functions: l//l(t):sl—(t), w, (t) = > (). For BPNRZ signaling:
20, JE, JE,
s(t)=A—>E,=ATand s,(t)=—A— Eb(z) = AT therefore the mean energy per bit is:

E, =%xAzT +%xA2T = AT . Then: w,(t) =

\/_ T and w,(t) = \/_ J_ Signal

components at the correlator output: & (T)= _[Ay/l (t)dt= IAF dt=AJT  and
0 0

T

a,(T)= IA(//Z (t)dt= lA%dt = —AJT . Finally:

0

Cafa-a | [ AT -(-AVT) | L [2AT
%‘Q[W]‘Q( PN, JQ[WJ

4AT 2AT 2E
] ( 2N ]QL N JQ( v
0 0 0
If we use only one correlator and at the reference input is applied the difference signal: s, (t)—s, (t),

then the bit error probability can be also expressed using the energy of the difference signal at the MF
T

input: E, = ][sl (t)-s,(t)] dt = [[A-(A)] dt = 47T and:

0

a, —a, 4ATT | E,
=<3 ol o el

(8.11)

Exercise 8.6:
Calculate the bit error probability for bipolar NRZ signal with the following parameters:
A=5 c:=10" R, =1[kb/s] P(s,) =P(s,)

s(t)=A s,(t)=—A 0<t<T
Solution:

E, = l(Eb +E, ):AZT:52><10’3=25><10’3
2 (1) (0)

N, =20, =2x10™*
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2 2 -3
P=Q 2AT | _ Q ,fw =Q(15.811) =1.311616 x10"** — practically zero
N, 2x10

error, since antipodal signaling is used and the noise power is relatively small.

q BER measurement of BPNRZ signal is analyzed in [10] in the TIMS experiment: “BER
measurement of bipolar NRZ signals in a baseband distortionless channel”, Emona TIMS Volume
D4 Further Advanced Digital Experiments, experiment: D4-02.

Exercise 8.7:
Calculate the bit error probability for bipolar NRZ signal with the following parameters:
A=5V 0. =10" R, =1[Mb/s] P(s,) = P(s,)

s(t)=A s,(t)=—A 0<t<T

Solution:

T= Ri =10"° [s]— E, =25x10"° [J] — hit energy is decreased =
b

—6
R :Q( /%J:Q(O.S):OBO%D RifR, =1 [kb/s] !
X

Inter-symbol interference (I1SI)

ISl is an essential part of real wired and wireless communications. S. Morse was the first to realize this
fact in his experiments with transatlantic telegraph transmission. He observed that if orthogonal pulses
were transmitted at the receiving end, the pulses were distorted and merged into each other. Due to the
effect of the transmission medium, the duration of each symbol is much longer than desired — signal
dispersion. As can be seen in the figure bellow the resulting received signal is a superposition of all
received distorted pulses. When two (or more) pulses overlap 1SI is created. ISI can be caused by:

o the filtering effect of the HW used - for now we are only concerned with this effect
o selective frequency fading in case of mobile channels

e non-linearity of circuits

e charging effect

Increased ISI also increases BER, therefore ISI suppression is an essential part of any communication
system (wired and wireless). The simplest way to suppress ISl is to reduce the transmission rate, i.e., to
send a new pulse after the previous one decays. If the received pulse width < symbol interval, no ISI
occurs. However, reducing the transmission rate is an unacceptable solution.
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x(7)

transmitted pulses

LK X ] aes > TX f
(1)
received signal — individual pulses )
(1)
received signal —as seen by the
receiver
t

Fig. 8.9: Inter-symbol interference.

The theoretical background of analyzing mitigation of 1Sl laid down H. Nyquist. He showed that if we
use ideal low-pass filter and at its input are Dirac pulses exactly separated by time T, then at the output
a series of si pulses will occur. Since they are crossing each other at zero points no ISl is created:

/_\ "/_\\ | /\ \ /_\
/ \\ / \ f'll \/ \ rj \
a(r) o) o) o) \/ \/ \ \/ \
L A h b I,F'I K. ,u"' FI' P: I\'.I

—* | ideal low-passfilter

Fy
Fy
Fy
h 4

9{?’”&/ ASK \%7

Fig. 8.10: Ideal LP filtering of a Dirac pulsetrain.

This ideal LPF has bandwidth W, = % [Hz] - what is also called Nyquist bandwidth. In this chapter

we will assume O-to-null or null-to-null bandwidth. From this bandwidth directly follows that the
maximal symbol rate (without ISI) is Ry = 2W, [Baud] — itis possible to transmit maximum 2symbols

per second per 1 Hz of bandwidth. Or if we want to transmit R [symbol/second]without ISI the
R

minimal theoretical necessary bandwidth is W, :75 [Hz] . Nyquist limit is not possible to reach

because:

1. Nyaquist filter is not possible to construct (non-causal)
2. absolute ideal synchronization does not exist — in real system we also have some jitter
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The main tool for ISI reduction is pulse shaping. The idea comes from the use of digital demodulation,
i.e. we evaluate the received signal only at the sampling instances and are not interested in its level

outside them. But we have to use such a transmission rate that the interference does not affect the
received signal at the sampling instances.

Nyquist proposed forms of realizable pulses that have as good properties as the sinc pulse but fewer
drawbacks. Nyquist pulses are pulses generated by the product of sinc and a real time function. The first
class of Nyquist pulses is Raised Cosine (RC) pulses. RC pulses are modification of sinc pulses. RC

pulse has selectable bandwidth from W, up to 2Wo. Impulse response of a filter generating RC pulses
has analytical form:

(1) = sin(zt/T,) cos(zot) (8.13)
AT, 1-@ptIT,): |

, Where Ts is pulse duration and p is roll-off factor

Fig. 8.11 RC pulse with Tg =1[s] and p=1.

The actual pulse bandwidth is now by the factor 1+ p greater than the Nyquist bandwidth:

W —-W,
T 8.14
P m (8.14)

— itindicates haw the actual pulse bandwidth W relates to Nyquist bandwidth: Wy . p € <O,1> (if p=0

— pure sinc pulse is generated, if p =1 pure rectangular pulse is generated. Roll-off factor defines a
real bandwidth necessary to transmit pulses with symbol rate Rs:

in case of baseband it is: W = %(1+ PR (8.15)

in case of bandpass itis: W = (1+ p)R (8.16)

Typical values for wireless communication is p € <0.2 ; O.4> . In practice, we try to use as small a value

of p as possible because it minimizes the signal bandwidth. RC pulse shaping filter can be also described
in frequency domain:
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1 | f] <20, -W

fl+W —2W
H(f)= cos’ EH—O 2W, -W <|f|<W (8.17)
4 W-W,
0 [f|>W
Exercise 8.7:
Signal transmitted via GEO satellite has bandwidth: W =36 [MHz]. Used modulation is QPSK.

Calculate the maximal bit rate if for pulse shaping is used RCF with: p €0.3?

Solution:

Satellite data signal is QPSK modulated onto some carrier frequency, therefor we have to consider
bandpass bandwidth:

6
W = (14 p)Ry = Ry = =340 _ 57 7 [Mbaud]
1+p 1+03
In case of QPSK: M =4= k=Ilog, M =log, 4=2

R =%=> R, = kR, =2x27.7x10° =55.4 [Mb/s]

S

Exercise 8.8:
Calculate the required signal bandwidth for data rate: R, =100 [Mb/ s] if pulses are shaped using RCF
with: p € 0.3? Consider:

a) 2 state modulation signal
b) 8 state modulation signal

Solution:

a)
M=2= k=Ilog,M =log,2=1
R, 100 [Mb/s]

R =-b
"k

=100 [Mbaud]

w =%(l+ P)Rs =%x(l+ 0.3)x100x10° = 65 [MHz]
b)
M=8= k=Ilog,M =log,8=3

n _ 100 [Mb/s]
3

S

=33.333 [MBaud]

W =%(1+ 0.3)x33.333x10° = 21.667 [MHz]

180



Note: for multi-state modulation, a narrower transmitted bandwidth is sufficient (at the cost of a higher
error rate (for the same power) and more complex equipment).

Lab 8.1: MATLAB exercises: Simulations of communications systems

In this chapter we will revisit elements of previous chapter and finally put everything together by
showing how various components of the system interact and how to simply simulate the system using
MATLAB. We also provide insights into statistical evaluation of the systems error performance — the
calculation of the waterfall curve: the dependence of the system bit-, symbol- and frame- (or block-)
error ratios BER, SER, FER (aka. BLER) and the key transmission parameter En/No.

In all the exercises we will simulate a block oriented transmission, that is compatible with all digital
communications systems: the link layer frame can be several hundreds or even thousands bytes long,
and can be divided into smaller subblock: sometimes the subblock may represent each byte, with bits
transmitted serially, other times, the codeword of the ECC present in the system is a good choice for the
subbock. Depending on the modulation order, the bits of the codewords may further be grouped to form
modulation symbols. In any case, we take advantage of the MATLABSs natural matrix representation,
where each block (or frame) will be represented by a matrix, and the columns of this matrix will
represent subblocks. Fig . 8.12 show the block structure, used in all the simulations.

Block/frame

BPW

Column = subblock

F 3
L J

words

Fig. 8.12: General matrix representation of a basic transmission unit — block.

The BPW in Fig. 8.12 stands for Bits per Word and will be slightly different in each of the simulations.
The number of columns of the block could be named subblocks or words. The total number of bits in
the block (or frame) we denote BPF (bits per Frame) and calculate easily:

BPF = BFW x words

We structure the simulations to blocks not just to simulate the link-layer frame transmission, but also to
provide some level of trhoughput to our simulation: It could be easy to simulate the transmission of each
bit (or symbol) completely separately in a loop, but the simulation would be prohibitively slow. Using
a matrix orientation we utilize the built-in MATLAB optimalizations to accelerate our simulation. All
our simulations will be signal space simulations, meaning that we will represent each modulation symbol
by a single scalar (real or complex) value — a point in the 1Q plane. We will not go deeper into modelling
neighter pulse shaping nor matched filtering, or any other related topics. These are out of scope of this
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short book. Fig. 8.13 shows the generic simulation model —a model that we will gradually develop over
the course of several exercises.

n/log,M 1k bits
X ‘ . 2! RX ‘ m,n,k bits
k bits n bits symbols n bits A G
s,C, 1
1 c t r z
SRC » ECC » CM *» AWGN DET » ECC-! »  Sink
kbits | 1
» STAT

BER.SER.,FER

Fig. 8.13: Generic simulation model containing all the optional blocks.The number of bits at each
interface specifies the BPW (or number of rows of the matrix representing the frame).

We need to implement simple software models for each of the blocks: TX is the transmitter, that will
have to consist from at minimum one block: the SRC or pseudo-random binary source block.The ECC
block in the trnasmitter performs encoding algorithm of a selected Error Control Code, introducing
redundancy and thus increasing the number of rows of the matrix to process. The CM stands for
Constellation Mapping and will eventually model the process of mapping bits to modulation symbols
from the 1Q plane. This means that matrices t and r will be matrices of real or complex numbers.The
AWGN channel model will add a pseudo-randomly generated noise samples to the transmission,
introducing errors. The RX, or receiver will then implement models of a detector (DET), that will
perform decision regarding each of the received I1Q sample and return a corresponding binary value. The
erroneous codewords z will then enter the decoder block ECC-1, implementing a decoding algorithm.
This will be by fart the most computationaly intensive block in the cascade. The resulting estimates of
the codeword, and data word, would then be forwarded to upper layers in a real communications system,
as modelled by a stub-block Sink. In our simulations, we will have the luxury to have the originally
transmitted bits in TX available for comparison with the received bits in RX, so we will be able to simply
calculate various error statistics.

MATLAB Exercise 8.1.1: Simple BSC channel

Fig 8.14. shows the ultimate simplification of the system model shown in Fig. 8.13, with most of the
blocks omitted. The Binary Symmetric Channel (BSC) channel model can be derived as by joining
together a more detailed model of the system, but we don’t need to go into more details. Since we already
implemented the basic routins for Hamming ECC in Chapter 3 Lab 3.1, and we will reuse our
implementations in the exercises below.
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— CM [ AWGN [—* DET [—*

SRC

Y

BSC Sink

A 4

A4

STAT

Fig. 8.14: Simulation for a simple BSC channel model.

What will be different this time will be the matrix-orientation of the transmission, and error statistics
evaluation.

To implement this exercise, you need to open the basic file SimSimpleBSC.m, form the
assignments subfolder.

MATLAB Exercise 8.1.1a: Uniform binary source

Implement the function given the prototype: function data = binarySource( rows, columns )
that generates random binary matrix with uniform distribution - that is ones must occur with the same
probability as zeros. Use the rand () built-in in your implementation. Do not implement the function
by generating a precise number of ones and permuting their positions.

MATLAB Exercise 8.1.1b: BSC channel model

Implement the function given the prototype:

function errors = binaryErrorMatrix( pb, rows, columns )

that generates random binary matrix. The number of ones in this matrix must follow the probability
specified by the parameter pb. Use the rand () built-in in your implementation. Do not implement the
function by generating a precise number of ones and permuting their positions.

MATLAB Exercise 8.1.1c: Evaluate BER - Bit Error Ratio
Implement the function given the prototype: function dHamm = computeHammingDistance(U,V)
that computes Hamming distance between two matrices.

After implementing the above exercises, run the script for several times with the default value of the
words Vvariable (10). You should observe ever changing and relatively high difference between the
desired error probability pb, and its statistically calculated counterpart BER. Change words to larger

values (100, 1000, ...) and observe the convergence of the statistically calculated BER towards the
theoretical requested pb.
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MATLAB Exercise 8.1.2: BSC channel with Hamming ECC

To implement this exercise, you need to open the basic file SimBSCECC . m, from the assignments
subfolder and you will have to modify the provided code. Also you need to copy your working
implementations of the Hamming code routines from chapter 3 Lab 3.1 to a subfolder named hamming

first. Fig. 8.15 shows the system model used:

TX RX

BSC [ ECC! — Sink

Y

SRC 7 ECC

v
w2
E
H

BER

Fig. 8.15: Simulation model for a BSC channel and coded transmission.

MATLAB Exercise 8.1.2a: Add Hamming code encoding
Modify the simulation code to include Hamming code encoding procedure in the transmitter.

MATLAB Exercise 8.1.2b: Add Hamming code decoding

Modify the simulation code to include syndrome method decoding procedure of the Hamming code in
the receiver. Also write a wrapper function given the prototype:

function CodewordEstimates = blockDecodeSyndromeMethod(H, SyndromeTable, Received)
that allows for using the existing row-vector oriented decodeSyndromeMethod() function in a column
block-oriented simulation.

MATLAB Exercise 8.1.2c: Evaluate error ratios
Modify the simulation code to include error ratio evaluation with and withouth the ECC decoding.

MATLAB Exercise 8.1.2d: Find uncorrectable errors
Modify the simulation code to include analysis of multiple errors that cannot be decoded by the specified
code. Find how many error words cannot be corrected.

MATLAB Exercise 8.1.2e: Find decoder induced errors

The uncorrectable error words result in inducing further errors in the decoding process.

Modify the simulation and write a function given the prototype:

function InducedErrors = findInducedErrors(RealChannelErrors, ErrorsAfterDecoding)
that finds the number of errors induced by the receiver ECC decoder.

After implementing the above exercises, run the script for several times with the default value of the pb
variable (0.002). You should observe ever changing BER values, where the BER withouth ECC should
almost allways be higher than the BER with ECC (after decoding). Many times the BER after decoding
will be zero. Now change the value of pb to 0.3, and run the script several times: this time the channel
BER is so high, that the decoder indroduces further errors and the BER with ECC will be usually higher
than the BER withouth.
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MATLAB Exercise 8.1.3: Uncoded AWGN channel with real-valued BPSK modulation

To implement this exercise, you need to open the basic file SimAWGN BPSK R.m, from the
assignments subfolder and you will have to modify the provided code. Because we only use the
Binary Phase Shift Keying (BPSK) modulation, and we choose the simplest form where the two
prototypes take on real values +1 and -1, we may simplify the simulation by not using a 2D complex
plane for the constellation, but using just the one-dimensional real axis. This has implications for
calculations of the precise AWGN parameters, especially if we need to convert between noise variance
and noise power. For a binary modulation, the number of symbols is equal to the number of logical bits,
so the BER and SER ratios are the same.

TX RX

SRC 71 CM [ AWGN [* DET [— Sink

A4

A 4

STAT

BER.SER.FER

Fig. 8.16: Simulation model of an uncoded transmission over an AWGN channel.

The goal of the simulation is to obtain the waterfall curve: the dependence of the statistically evaluated
BER depending on the key systemic parameter: (Ex/No) measured in decibels. Let us now first recap
some important necessary equations. First we need to establish the relationship between two systemic
parameters: Signal to Noise Ratio (SNR) and (Ew/No). The following equation describes it:

E &
SNR=§: T, = T, :E:k'Eb:kE (8.18)
N NW N i N, N, N,
0
TS

Where the signal power is denoted S and the noise power denoted N. Since we deal with digitall systems
only, we deal with the mean power of the constellation prototype and only the in-band AWGN noise
that actually affects the system. The prototype power can be rewritten as a ratio of energy per symbol
Es and characteristic interval Ts. Similarly the in-band noise power is a product of noise Power Spectral
Density (PSD, denoten No) and system bandwidth W. For practical null-to-null bandwidth definition we
can use the identity W = 1/Ts. Similarly, we can express the energy per symbol E; as a product of energy
per bit E, and number of bits per symbol k: Es = k.E,. Many times in simulations we may safely assume
normalized energy E, = 1[J]. The number of bits transmitted by each prototype can be calculated as k =
logz( M ), where M is the number of prototypes (Note: symbol k here has nothing to do with the data
word length defined in Chapter 3 for a LBC with parameters [ n, k, dmin]. Usage of the same symbol for
two different variables is unfortunate, but established practice).

As we see from the equation (8.18), it is customary to call (Ex/No) also SNR per bit. This equation is
however in linear scale, and what is often needed is the logarithmic scale expressed in decibels. To
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convert any gquantity from linear scale to dB, we use the well known eq. (8.19). The inverse conversion
is left to the reader. For energies or powers, which are proportional to squared current or voltage, the
bottom definition applies.

X =20log,,(X) if X OY

8.19
X4 =10l0g,, (X) if X 1Y? (8.19)

We can rewrite eq. (8.18) in decibels:

Ej (8.20)
NO dB

The waterfall curve is a dependency of the Bit Error Ratio (BER) expressed in linear scale, but plotted
using logarithmic axis scaling, on the (Ex/No) expressed in dB, but plotted using linear axis scaling. The
example of such a plot is given in Fig. 8.20. The convenient MATLAB built-in semilogy () provides
the described axis scaling for us, so we need not perform any extra steps.

SNR,, =10log,, [k %j =10log,, (k)+10log,, [%j =Kgg +£

0 0

Within these exercises we will deal with various forms of a binary BPSK modulation, all transmitting
one bit per symbol, so SNR will be equal to (Ex/No). We will denote BER as a value obtained statistically
by simulation, while p, will mean a very similar thing — the probability of error, but calculated from
theoretical formulas provided in the previous subchapters. If our simulation is constructed correctly, we
may intuitively expect, that the statistically obtained BER will converge towards p,. The size of the
dataset processed by the simulation - the number of bit (or block/frame) transfers we perform will
directly impact the succes of this convergence.

The BPSK modulation consist only of two antipodal prototypes, it is considered a one dimensional (1D)
modulation. The quarternary QPSK consists of four prototypes placed as corners of a square in the 2D
complex (or 1Q) plane, aka the signal space.

Howeverm, we can design three main forms of the BPSK constellation: a real-one, and imaginary one,
and an actual two-dimensional one. Fig. 8.17 illustrates:

a) 1D BPSK b) IDBPSK  ¢) 2D BPSK

Im Im
N N
<?17 X S]
| ~ 4 )

FaY I Fal

s s

0 ! Re Re
< Sp X 8y

Fig. 8.17: Three forms of BPSK: first are considered 1D (a)b)).
The third one ¢) may be sometimes considered 2D.

While the first two constelations are very simple, the third, truly complex form of BPSK seems to be
unnecessserili complicated. Especially when it comes to detection in the receiver: while the detector for
cases a) and b) only needs to compare the received sample with zero and can immediately return the bit
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estimate (for instance by returning the sign bit), the source code for determining, whether a received
complex sample z is closer to s; or to so involves squaring of x and y component differences.

The 1D BPSK is also usefull when thinking about the 2D QPSK modulation. This is illustrated in Fig.
8.18:

a) 1D BPSK b) IDBPSK  ¢) 2D QPSK (4-QAM)

Im Im
N i\
r S} > >
S70 S11
LV | AL > —_ — -
| A rd x — e
So 51 Re Re
*x S
0 S0l ™ Sos

Fig. 8.18: A 2D QPSK can be understood as a Cartesian products of two 1D BPSK modulations.

There are many simlar forms of QPSK which will differ only by their rotation

a) b) ¢)
Im Im
Im N A A
S S11
| So0
s x SIU > ¢ = ¢
00 A ]0 [ ]]
s Re Re Re
11

P 3 = < 5

S0 S0 So1 01
S10

Fig. 8.19: Various forms of QPSK.

Since we like to simplify our simulations as much as possible, we will assume normalized transmitter
eenrgy per bit E, = 1 and zero channel attennuation. This means, the magnitudes of the prototypes will
be equal to 1 for all the modulations in question. This determines the exact values of the prototypes:

Real-valued BPSK:sg= —-1,s:=1

Imaginary-valued BPSK: so= —j, 51 =]
22 ] L\/z J2 j
—+—]|.8 =

Complex-BPSK rotated n/4: s, = —( > 5

QPSK: s11 =1, 810 =}, Soo = =1, S10 = —j
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- )Se = _E_j

VB N2 2 27
2 2

2 2
4-QAM: sy =————|,Syy =———},S,, = — —+
00 2 2 J 01 11 2
The last piece of the puzzle we need to implement our simulations is the relaionship between the AWGN
noise PSD and a more practical metric — its variance o2,

As derived in literature, the noise variance at the output of the matched filter, for a 1D modulation is
numericaly equal to:

o' =— (8.21)

MATLAB Exercise 8.1.3a: Real-valued BPSK modulator

Implement a function given the prototype:
function SignalSpaceSymbols = modulateBPSK( LogicalSymbols )

that performs all digital BPSK modulation. The output should be signal space (I1Q plane) prototypes.
Use the following mapping of the logical binary signal to signal space prototype: 0 > -1, 1 > +1.
The input and output may be a scalar, vector or a matrix.

MATLAB Exercise 8.1.3b: Channel noise power

Modify this simulation to use different representations of channel noise power. Use the built-in
randn () to generate pseudo-random AWGN noise approximation. Rescale its output to proper
variance. Use the scaling properties of random variable moments:

For X a random variable with moments 4= E[X] and &:2 = var(X), the moments of a transformed random
variable Y = aX are: 14 = aux and 6,2 = a0 .

MATLAB Exercise 8.1.3c: Real-valued BPSK detection
Implement a BPSK detector function

MATLAB Exercise 8.1.3d: Theoretical and simulational results comparison
Modify this simulation to include a theoretical p, value for the given E,/ No vector to be plotted together
with the simulation results.

After implementing the above exercises, run the script for several times with the default value of the
words variable (1) and observe the resulting waterfall curve. The statistically obtained curve should be
slightly different each time you run the simulation. As demonstrated by Fig. 8.20, it should also not
match the theoretical curve completely. Then raise the value of words to 100 and observe the results.
Fig. 8.21 demonstrates the almost total overlap of the resulting curves.

The disadvantage of this type of simulation lies in the for cycle defining a pre-set number of iterations
and therefore the dataset size. What would be a proper implementation would be a whi le cycle set to
terminate after a certain number of errors is collected. The reader is encouraged to rewrite the simulation
in this way.
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Fig. 8.20: Waterfall curve for BPSK modulation: Theoretical value (red) and simulation results (blue).
The curves differ because of too small dataset size (the number of words in each block was set to 1).
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Fig. 8.21: Waterfall curve for BPSK modulation: Theoretical value (red) and simulation results (blue).
The curves completely overlap, indicating correct modelling and large-enough data set
(the number of words processed in each block was set to 100).
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Chapter 9: Reed-Solomon Codes
Galois fields

Finite fields, also known as Galois fields and denoted GF(q) are widely used in computing and digital
communications. The q parameter defines the number of field elements. These can often be numbered
0,1,2,...,q—1. For GF(q) to exist, the g parameter must be a prime number or a power of prime. For
example the fields GF(2) and GF(4) exist, while GF(6) doesn’t. The fileds most widely used in
computing are based on powers of two: GF(2") where for r = 1 the elements of the field are binary
numbers 0 and 1, and for r > 1 the elements of these fields are binary vectors of length r. So the elements
of GF(4) are binary vectors { 00, 01, 10, 11 }. There are two binary operations defined on a GF(q):
addition and multiplication. For GF(2) these are defined as the well known logical operations XOR and
AND. For a prime-based fields GF(q) where q is a prime (and not a power of prime), we can define
these operations simply:

X+y if0<x+y <q-1
addition: X@®y=(x+y)modqg= <

X+y-—( ifg—1< x+y

X.y if0<x+y <q-1
multiplication: x®y = (x.y) mod g= <

X. y—|‘%J.q ifg—1< x+y

Example 1: Construct a table of addition and multiplication for GF(5).

Solution: The elements of GF(5) will be integer numbers {0,1,2,3,4}.We use the definitions of addition
and multiplication defined above. We can write the tables easily:

® 0 1 2 3 ® 0 1 2 3

0 1 2 3 0 0 0 0 0
1 1 2 3 0 1 0 1 2 3
2 2 3 0 1 2 0 2 0 2
3 3 0 1 2 3 0 3 2 1

Polynomial form of Galois field

For the practically used GF(q) where q is a power of 2, g = 2", it is useful to define a field generator
polynomial p(x) of degree r, and exponential form of the primitive element: «. Field generator

polynomial can generate all non-zero elements of the given finite field: {0{0,051, 0(2,. . aqu} .

a'=x'=x'modp(x); i=01...,0-2 (9.1)

For a given polynomial to be a generator polynomial it has to be a primitive polynomial.

190



Exercise 9.1;

Generate the elements of a finite field GF(4) if the generator polynomial is p(x) = x? + x + 1.

Solution:
binary exponential polynomial
form form form
00 a*=0 0
01 =1 X0
10 ol xt
11 o® X+1

Note: a®=x2 > x*modp(x)=1—> a®=1

Exercise 9.2:

Generate the elements of a finite field GF(8) if the generator polynomial is p(x) = x® + x + 1. Compute
the results of the following equations:

3

Solution:

a’+at=? ab. ad=7
al—at'=? a®: a®=?
binary | exponential polynomial
form form form
000 0 0
001 a 0 X0
010 al xt
100 a 2 X2
011 al X+1
110 at X2 + X
111 a® XX+ x+1
101 ab X2+ 1

ab+at=(+1)+(X°+x) =x+1=a?

al-all=ad-a* =(x+1)-(®+x)=x°+1=ab

CZ8

C(3

=(101) + (110) = (011)

= (011) + (110) = (101)

al=8*3 =

o a

11

=(X).x+1)=x*+x =a*

8= 318 =

~15_ 6

o a

=q3d

—a

=ab
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Exercise 9.3:
Sketch the hardware circuit for generating the elements of a finite field GF(8) if the generating
polynomial is p(x) = x3 + x + 1.

Solution:

One of the possible realizations is the following:

X3

px)= x4+ X + 1
Note:

The D denotes the memory element. Each delay, i.e., after each memory term the order of the input
signal increases, therefore we can mark the circuit points from 1 to x3. If we want to construct a circuit
to generate the array of elements of GF(8) with generating polynomial p(x) = x® + x + 1, we need to do
feedback on the point corresponding to x and 1 (if p(x) =0 - x3 + x + 1 =0 — x3=x + 1). After filling
the memory elements with the primitive element: « = x (010), we will successively generate (after
clocking) all the elements of the array. In the next clock cycle, the combination 100 will be written to
the memory circuits, in the next 001, and so on.

[ |
Exercise 9.3:

Sketch the hardware circuit to generate the elements of a finite field GF(16) if the generating polynomial
is p(x) = x* + x + 1. Generate all the elements of the field.

Solution:

One of the possible realizations is the following:

2

x! x3 x2 X 1

plx)=  xt+ x+ 1
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binary | exponential polynomial
form form form
0000 0 0
0001 a® X0
0010 al xt
0100 a? X2
1000 o’ x3
0011 at x+1
0110 a’ X2+ X
1100 ab X3+ Xx?
1011 a’ x+x+1
0101 ab X2+ 1
1010 ad X3+ X
0111 alo X+ Xx+1
1110 all X3+ X2+ X
1111 al? B+ x2+x+1
1101 ald X3+ X2+ 1
1001 alt x3+1
0001 al 1

Reed Solomon codes

Despite their long history of usage, and well know competition from more recent ECCs such as turbo-
codes or LDPC codes, the Reed Solomon codes (denoted further as RS codes) do not loose their appeal
and are still widely used. While their usage in storage for the implementation of RAID arrays is
notorious, lesser known is their utilization in the most recent multi-gigabit 200Gbps and 400 Gbps IEEE
802.3 - 2018 standard. Their current usefullnes in the ultra-high speed and ultra low-latency context
arises from existing fast decoding implementations, much faster than the iteratively decoded turbo and
LDPC codes. Furthermore, their ability to correct bursts of errors makes them unique among the

practically used ECC schemes.

RS codes encoding

For the extension of binary field field: GF(q) = GF(2"), where r e[1,r >1 we can construct RS codes

with the parameters [n, K, dmin], where:
n=qgq-1 - is the codeword length

k - variable: k e (1,0 —3) - is the length of the information word

dmin = (N — k) +1 — is the minimum Hamming distance (RS are of MDS type)

t:[n - kJ - is the number of errors that RS code is able to correct
2

Generator polynomial of RS codes has to have 2t consecutive roots. Therefore:
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g(X) =(x—a)(x—a'M(x—a'?)...(x—a'*?) (9.2)
Usually: j=0.
The encoding can be:

1) nonsystematic: ¢(X) =i(x).g(x)
2) systematic:
c(x) =i(x). X" +r(x) r(x)=i(x).x"modg(x) m=deg{g(x)}=n-k

Exercise 9.4:

Let assume RS code [7, 3, 5] constructed over GF(8), defined by primitive polynomial:
p(x) = x* + X +1 . Encode the following information: [01111100 1]:

a) nonsystematic way
b) systematic way

Solution:
Finding g(x):
This particular finite field was generated in Exercise 9.2.
q=8=>n=7,dmin=5=>t=2=>g(x) will have 4 roots
k=n+1-dmwn=7+1-5=3
g(x) = (x+ a®) (x+al) (x + o) (X + a®) = (0 + (a®+ of) x+ oC.at) . (X2 + (i + &) X+ 02.0°) =
= (C+ o+ al).(xX2+ X + o) = X+ 0?3 + 02X+ X+ b
Verification:
Substitute all its roots {a®, o, a?, «®} into the resulting g(x) and the result must always be 0.
g(a°) = (69*+ o?(a°)3 + o®(0°)? + (O + b =a® + P+ ®+ ®+ a® =0
g(at) = (aD)*+ a?(a)® + o®(or)? + () + o = ot + o®+ o+ b+ a8 =0
9(0?) = (6®)*+ o?(0?)3 + o®(0®)? + o®(0)) + b =l + ot + >+ o+ b= 0
9(0®) = (&®)*+ (0?3 + a®(0®)? + (P) + P = + ot + a*+ ot + a® =0
a) Nonsystematic encoding:
We partition the input information: information: [0 1111100 1] by r bits, in our case r =3,
since we are using finite field: GF(2°), then: i=[011111001]= [a3,a5,a°] and

i(X)=a’x* +a’x+a’.
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c(x)  =i(x)g(x)
= (032 + a®X + o). (x* + 0?3 + X% + X1 + )
=8 + a0+ alxt+ a3+ a2+ o+ %t + X+ X+ ofx +
+ 0%+ a®C + a2 + a®x + a®
= a5+ 0. X3+ alx*+ o3+ 0. X2+ a¥% + of
Verification:

Substitute all roots of g(x): {a°, a, o2, &®} into the resulting form of c(x) and the result must
always be 0:

c(a®)=0
cal)=0
c@?)=0
c@®)=0

b) Systematic encoding:
m = deg {g(x)}= 4
i(X) . x* = (38 + a®x° + o%%%)
r(x) =i(x) . X" mod g(x) > &+ a®°+ o%%* : X*+ 023+ a°%* + %t + b = %% + o3

X8+ ™+ alx* + a3+ oA

o+ a3+ 02X

X+ >+ o+ X+ o?

aBx3+ a2+ alx + a? = r(x)
c(X) =i(x) . X"+ r(x)
c(X)= o®x®+ a°x° + o+ a®3 + o'X%*+ a’Xx + o?

binary: 011 111 001110 010 100

i(x)x* r(x)

Verification:

Substitute all roots of g(x): {c®, @', o?, o} into the resulting form of c(x) and the result must
always be 0.
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Exercise 9.5:

Primitive polynomial p(X) = X* + x +1 defines a finite field of the form GF(2"). Over this field we
want to construct an RS code with parameters [ n, 11, dmin].

a) Find the unknown code parameters: n and dmin
b) Find the generating polynomial of this code: g(x) in conjunctive form.

Solution:
a)
deg{g(x)} =r=>GF(2)=>n=q-1=16-1=15

dmn=(N-K)+1=15-11+1=5

S

b)

t = 2 => g(x) must have 4 consecutive roots

9(x) = (x + o) (x + &) (x + o) (x + &)

Exercise 9.6:
We have a [7, 5, 3] RS code constructed over the field GF(2") defined by the primitive polynomial

p(x) = X® + X +1 . Encode the information: i = (o, o, a®, &°, o) systematic way using:

a) polynomial form
b) equations

Solution:
t=1=>2roots: g(x) = (x + o) (x + o) = X+ B X + «
a)
c(X) = i(x) . x" + r(x) r(x) =i(x) . x" mod g(x) m = deg{g(x)}= 2

iX). 2=(a* X+ ol +ad X+ xt+0?). X =a X+ ol x5+ 0o x* + a® X3 + o? X2
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iX). %2 gX) =a* X+ ol P+’ X+ X+ X% X+l x+a

OC4X6 + X5 + a5x4

o + X3

aSXS + 0(6)(4 + a4x3

o+ o5+ a2

o + a3+ X2

B+ a2
a3 + a2 + a*x

a’*x = r(x)

cX) = X0+ ol x>+ a® X+ a® X3 + o X2 + o*x
Verification:
c(@® =0
c(ah) =0
b)
i(X) = o4+ alx3+ a2+ o + o
c(X)=i(x) . x2+r(x) =a*x8+ al X3+ a® x* + o0 X3 + a2 X2 + r(X)
C(X) = CeX6 +CsXo+ ..., + Ci1X+ Cop => Cs= (14, Cs= al, Cs= a5, C3= ao, Co= o
We set up the equations by plugging all the roots of g(x) into ¢(x):
c(a®) =a*+ ar+ o®+ o+ a?+ Cro®+ co=0

cloa) =a*ab+at a®+ o a*+ a® P+ o? o2+ Crat + Co=0

C1a° + Co= o?
C10!l + Co= o => Co = C1OC1 + ot

=> Co=0,c1= o’

RS codes decoding

We assume an additive error channel, so the received word = codeword + error word:

v(x) = c(x) + e(x), then: €(X) =V(X)+e(x) — estimation of the transmitted codeword
(corrected received vector)

¢(X) = CnaX™1 + ... + C1X + Co. Coefficients: cn-y, ...., Coare the elements of GF(p") and they are in
the form of o',
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To correct the received vector for RS codes, we need to know two pieces of information - the
error location and the error value.

If t errors occur, then:
t
5= Y. X{ k=01..,2t-1 (9.3)
i=1

Xi denotes the locator of the i-th error; Yi denotes the value of the i-th error in the received
vector. The error locator is an element of the field GF(q) such that its exponent determines the
location of the error.

To correct t errors, 2t roots of g(x) are needed from which 2t syndromes are computed => for
each root of g(x) there is one syndrome.

In decoding, the syndrome elements: sk are computed by plugging all roots of g(x) into the
received vector:

sk = v(a") = (@) + e(a), k=0,1,..,2t—1 (9.4)
For cyclic codes if s = 0 => v(x) = ¢(x), if s # 0 the error is at the corresponding position of x'.

For RS codes, if one syndrome element = 0, v(x) may or may not be c(x). We have to plug all
roots of g(x) into sk = v(a¥). If all syndromes = 0, then: v(x) = c¢(x). If sk # 0 we know that an
error has occurred, but we don't know where the errors are or how many errors there are.

Procedure for decoding RS codes:

1. syndrome calculation
number of syndrome elements = number of roots of g(x) = double the number of
correctable errors (2t)
Sk=v(a),k=01,..,2t-1
we plug all roots of g(x) to v(x) => we obtain all elements of syndrome vector

2. error location detection

we need to:
a) determine the locator polynomial:

o(X) =X+ ot 1+ L+ oo 1x + o (9.5)

b) construct the locator polynomial using a system of syndrome equations:

— t —

Sii+2.Su:;.0;=0;i=01...,t-1 i=12,...,t (9.6)
j=1

t = number of correctable errors = number of equations
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S, +S, ,0,+S, ,0,+--+S,0,=0

St+1

+S_tal+8_tj102+---+§10't20 ©7)

a1 TSy 201+ Sy 30, +-+ 5 ,0,=0

wm

From (9.7) it is possible to construct the locator polynomial o(x). Alternatively we can use
matrix notation:

S, S S;1 Oy S,
Sl 82 SZ’ . Gl — SZ‘ (9 8)
S;1 S, Spe2 | |G Spra

finding locators

To find roots of locator polynomial we use Chien algorithm: to the locator polynomial: o(x) we
substitute for x all non-zero elements of the given finite field. If o(c*) = 0 then o is the root of

o(X) = Xik the locator of the i-th error will be an element of the field GF(q) such that its

exponent determines the location of the error.

calculation of the error values

Error values Yj can be calculated from the system of equations (9.3).
Note: (9.3) hold only if the first root of g(x) is °.

correction of the received vector

add Yi in place of X;:

si=v(@)=c(d) +e(d)=e() (9.9)
corrected message:
E(x) =v(x)+e(x) (9.10)

Exercise 9.7:

GF(8) is defined by the primitive polynomial p(x) = x3+ x + 1 and p(«®) = 0 (the first root is
o). Let t = 2. The transmitted message is encoded with an RS code. Decode the received
message: V(X) = o°x® + a®° + a*x* + ax® + o%? + a®X + o .

Solution:

First we have to find code parameters:

n=gq-1=8-1=7

t{%J:dmm —2t-1=5 [7, 3, Slere)
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2t=n-k=>k=n-2t=7-4=3
If t =2 => g(x) has 4 consecutive roots: a°, o, a?, a*

Elements of given GF(8):

o 0 000
ol 1 001
ot X 010
o? X2 100
ol X+1 011
at X%+ X 110
o X +x+1 111
ab X2 +1 101

Syndrome calculation:

sk=V(a) =c(a) +e(@) =e(@) k=0.1,..,2t-1

v(x) = c(x) + e(x)

If all syndromes = 0 => v(x) = c(x) (i.e. the transmission was without error, or the error changed
the transmitted codeword to another codeword and was not detected). If at least 1 syndrome #
0 => an error occurred, but we don't know how many of them.

=>to V(X) we plug all roots of g(x) => 4 syndromes

Xx=a® > s0=v(@) =a®+a’+a*+a+a®+ o+ a®=0

x=al s> si=v(@)=a®o®+a?dc+at ot +aaP+ oo’ +alat+ a®=a

X=o?>2=V(@d) =a®a?+ o a®+a* o+ aa®+ ot + o’ +a’=0od

x=o®>s3=v(@®) =a®a®+o? a®+ o a2+ a o’ + o b+ P+ o®=a

0
S=[0,a,a° a"]

Finding locator polynomial:

General form of the locator polynomial for t =2 => ¢(X) = X2+ g1X + 02
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The unknown coefficients o1, o2 must be determined using a system of syndrome equations:

l. S2+ 0151+ 025=0 (— starts from S since t = 2)
. S3to1S2+0251=0 (— starts from Szsincet+ 1 =3)

®+ora+c20 =0 } for si we input calculated elements
+oo’+oa =0 of §=[O,a,a5,a°]

5
a’+ o1 a =0 = leaézall

+oo+ara =0

inll:o+a*o®+o2a =0

6
o +020 =0 =>0'2=0‘/=055
a
o(X) = x>+ a*x + o° < locator polynomial

v

deg{g(x)} =2 => 2 roots =2 errors

Possible solutions:

1) system of linear equations
2) Chien algorithm (more simple)

Finding locators:

Chien algorithm:

o(@®) = (@2 +a* d®+a®=a+a*+a®>=0 ~ =>1%error is at the position of x°

=o
=o

o@®)=ab+o P+ a®=ab+a+a®=dd - locators: 1= a°, X2 = a°
=o

o@®) =0+t P+ aP=a+ad?+a*=0 => 2" error is at the position of x°

o(@®=a2+o* b +a’=®+aP+a®=a® )
Powers of a are the locators of the error position for x.

Calculation of the error values:

t
sc=> Y, X k=0,1...,2t—1=> 4 syndromes => 4 equations with 4 unknowns
i=1

We use locators: x1, X2=> we have to solve 2 equations:

5, =Y, X2 +Y,X¢
s, =Y, X} +Y,X}

0=Y1+Y2 = Y1=VY2
o = Y1(a®)!+ Y1 (a®)!

a= Y1a®+Y10® = Y1(a®+ 0®) = Y10*
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Yi=Yo=a*

4
4

X1=0° Yi=a* — atthe position of x° the error value is «
X2=0° Y2=a* — atthe position of x° the error value is «

Correction of the received message:

e(x) =a*x°+ a* x°

¢(x) = v(x) +e(x) =

CX)=vX) +a* X+ a* X=X+ (@ + o) X+ ot X+ ax3+ o X+ ¥ x + (a° + o)
=X +ax+atxt+axd+a® X +a x+

Verification:

@)= +a+a*+at+a+a®+a’=0

)=+ ata®+ ot ot +at o+ oo+ ol alt+ =0

&a?) = a® a2+ ol a®+ ot 0B+ at o+ o+ ¥ o2+ a0 =0

c(x) = €(x)= we decoded correctly, which is confirmed by the verification.

Exercise 9.8:

RS code [7, 5, 3] is constructed over GF(8) which is defined by the primitive polynomial p(x)
=x3+x + 1 and p(a®) = 0 (the first root is ®). Decode the received message: v(x) = a°x® + a'x°
+ o+ a3 + %% + aOx + o

Solution:

n—-k=2t=>2=2t=>t=1 => 2troots => 2t syndromes
g(x) = (x—a’) (x—a)

Syndrome calculation:

so=v(@) =+ at+a*+ a®+ a®+a®+ =

si=v(i) =P al+at ®+ ot at+a P+ ol o’ + 0l at + o
zoat+dl+at+al+al+at+al =ab
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Locator polynomial:

o(X) =xt + o1

S1+015=0

ab+ o1 a®

=0=>01=a

o(X) =x+a’

Finding locators:

o(a®) = o
o(a) = a
o(a®) = a
o(a®) = a
o(a®) = a
o(a®) = a

Calculation of error value:

+ad=at
1y o3=40
24 o3= b
3+0%=0
44 3= b
S+ od=a?

0
0 :lel
oa®=Y1(a®)°=Y1. 1

X1=ad Y11=

Correction of the received message:

¢(x) =v(x) +e(x) = v(x) + o x®

X1=a®

error is at the position x3

o® — error is at the position x3, error value is: o®
e(x) =a®x3

= o8 + ax°+ a*xt+ a0 + o + % + a® + X3
= %8 + o0 + o+ o X3+ 02 + oO% + o°

Verification:

&) =

rottoat+at+ad®+o%+a®=0

Cle) =+ +at+ ot +o?+al+0°=0
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Chapter 10: LDPC codes in modern communications standards

Low Density Parity Check (LDPC) codes belong to a class of Linear Block Codes (LBC) which specifies
a sparse binary parity check matrix, usually quite large. This means, all the mathematical formulas
describing the encoding and orthogonality that apply to the general LBC apply also for all LDPC codes.
The practical differences arise from the extremely large size of the code generator matrix G (not
necessarily sparse), an sparse parity check matric H. Standard notation assigns the two basic parameters:
[N, K] - the length of the codeword and the length of the data word in bits. The G and matrix are then
defined with sizes: GK*Mand H"*N | where: M = N — K and code rate R = K / N. Regardless of the
algorithm, the decoding process than utilizes the basic property pf all LBC: the orthogonality of the G
and H matrices:

GRN L T(NM) _ gKxM (10.2)

The encoding process is in theory described easily by multiplying of the data word i by matrix G over
GF(2), and obtaining the codeword c. Most practical applications use a specific form of systematic G in
order to implement systematic encoding in which the data word i is a subvector of c. The rest of the
codeword consists of redundant or parity bits and may be denoted as parity vector p of size M bits:

C1><N _ ':ilxK plxM ] _ i1><K .GKxN (10_2)

In practical communications standards, such as WiFi-6 and WiMAX [4,5], a subclass of LDPC codes
called Quasi-Cyclic codes is actually used. The QC-LDPC codes have the desired property that they
allow for an efficient, near linear encoding, on top of their excellent error properties. According to
Shannon, one attribute facilitating good error correcting properties of linear block code is a large
codeword length N. Practically, values of N start at 576 bits for WiMAX and 648 for Wi-Fi and continue
up to 2304 and 1944. Other standards, such as CCSDS or DVB-S2 utilize even much longer codewords.
This then implies large code generator matrix G, and also parity check matrix H. Matrices for several
code parameter combinations are defined. In order to be able even to fit the matrices specifications into
the standards, a carefully constructed subclass of QC-LDPC allows for efficient storage of the H
matrices in a compressed form. Furthermore, the codes defined for WiMAX and Wi-Fi also allow for a
direct encoding from the H matrix, without actually knowing the G matrix. The QC-LDPC will be in
the focus of this chapter.

QC-LDPC codes parity check matrix

As shown in eq. (10.3), the large and sparse binary parity check matrix H of a QC-LDPC code can be
partitioned into a grid of square submatrices P;;, each of size z x z , while the lengths of the data word
and codeword must obviously be divisible by the subblock size z.

I I:’o,o P0,1 "' PO,Nb—l
P P P
H _ j}_,O 11 1LN,-1 (103)
_Pthl,o PMb—l,l PMb—l,Nb—l_

Each of the P submatrices may be one of the following:
a) a zero matrix
b) an identity matrix
c) a special case of circulant matrix — a cyclically shifted identity matrix.
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This allows for a very efficient compressed representation of the H matrix using a single integer value
to represent each of the P;; matrices. Instead of storing the large binary matrix H of size M x N, where
N and M values may reach to thousands, a much smaller model matrix Hpm Of size My X Np needs to be
stored. Each element of Hym then may be:

a) a —1, representing a zero submatrix P
b) a 0, representing an identity submatrix P

c) a positive integer between 1 and z — 1 (including these values)

For the expansion of scalar Hom j) to matrix Pjit is necessary to understand the relation between cyclic
shift operation and it’s matrix equivalent first.

The vector shifts and rotations operations are very common operations present in almost any Instruction
Set Architecture (ISA) and are available as assembler instructions. The most common operations are:
zero filling shift left and right, denoted further by SHL and SHR, and in the context of LDPC encoding
their more useful cyclic counterparts, denoted ROL and ROR. Fig. 10.1 demonstrates these operations:

SHL(3): SHR(3):
0012 3 4 5 67 001 2 3 45 67
|abcdefgh| |abcdefgh|
0012 3 45 67 001 2 3 4 5 6 7
[de£gnoo0o] |000abcde|
ROL(3): ROR(3):
012 3 45 & 7 01 2 3 45 6 7
|abcdefgh| |abcdefgh|
001 2 3 4 5 67 001 2 3 45 6 7
|defghabc| |fghabcde|

Fig.10.1: Comparison of SHL, SHR, ROL and ROR operations, shifting an 8 bit register by 3 positions.

The cyclic shift can be expressed in matrix form by multiplication of a vector by a special kind of
permutation matrix. A circulant is a square matrix, where each column / row is defined as a circular
shift of the previous column / row and the first column / row is a circular shift of the last one. For the
purpose of LDPC codes description a special case of binary circulant is sufficient, where each column /
row is shifted by exactly one position from the previous one, and each row / column contains exactly
one nonzero value - value of 1.

Example 10.1: Cyclical shift of a length-4column vector by one position down by multiplying it with
a cyclic shift matrix R.
The matrix R implementing the cyclic shift is itself a circularly shifted identity matrix:

0 001
1 0
R:
0 0
0 1

o - O
o O O
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The matrix-vector multiplication of the operation then implements the cyclic shift:

0 00 1|]a d
_ _ |1 0 0 Offb a
W, =RV = e

010 0j|c b

0 01 0]|d C

Given the matrix vector multiplication rules, we can reformulate the example for a column vector by
transposing the multiplication:

(R-V) =v"-R'

W, =V'-R"=V'R"=[a b ¢ d] =[d a b c]

R O O O
O O O -
o O+ O
o » O O

clearly: W, =W, .

Now when we have some insight into the circular shifts and circulant matrices, it is time to demonstrate
the model matrix Hpm expansion to a large binary H, using all-zero, identity, and cyclic shift R matrices.

Exercise 10.1:
For a given submatrix of size z = 3, expand the given model matrix Hom to a binary quasi-cyclic form
of the matrix H.

1 0 -1 2 1 0 -1 -1
2 -1 01 0 0 0 -1
H bm —
-1 2 1 0 -1 -1 0 O
o 1 0 2 1 -1 -1 0
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Solution:

Matrix Hpm is of size My X Np = 4 x 8 and each element of Hym expands to a 3x3 matrix according to
its integer value:

0 0O

Hypjy ==-1=P;=10 0 0
0 0O

1 0 0]

Hypp ==0 =FR;=|0 10
00 1

0 0 1]

Hongy==1 =P;=|1 00
0 1 0

[0 1 0]

Homgy =2 =F;=|0 0 1
1 00

The resulting matrix H will be of sizeM=zxMpand N=zx N, M=3x4=12, N=3 x 8 =24, see
Figure 10.2.

O r O P OO0 OO O O o -
O O OO pFr OO0 o o = o©o
O Ok O kP O OO o —» o o
o O b Ok O OO+ O o o
O r O P OO0 OPFr O O o o
R O O O O Fr B OO O o O
O r O OO O OO0 O o
O O O OO o Ok, o o+ o
O O O b OO P OO O o o
o O kb OO Fr OO o o o o
O r O OFPr O OO o O o o
P O O P OO O O O O o o

O O O OO r OO0 Fr O o o
O O O OFr O Ok, O o o o

O O O OO0 O O o PFrr O o
O O O OO O rr o o +—» o o

R O O O O O O pFrr O +» O O
O Ok OO0 O B OO O O K

P OO OO kFr OFr O BFr O o
O O Fr OPFPr O P OO O O -
O r O P OO0 OO+, O+ o

O O Fr OO0 O B OO O+ o
O r O OO0 O OO+ +» O o
P O O O O O O PFr O O O

Fig. 10.2: Partitioning of a large matrix H into a grid of square submatrices.

For the convenience of the reader, a partitioning of the H matrix to square submatrices Pi; is shown.
This doesn’t, however impose any restrictions on H — it is just an ordinary matrix of size 12 x 24 that
can be further used in any matrix operations. We can even define different partitioning as we see fit.

In practical implementation of matrix partitioning and handling calculations using a grid of submatrices,
care must be taken to correct mapping of indices. We may define three sets of indices:

1. The indices (i, j) of scalar elements in the large matrix (H or G) that is being partitioned. Let
us also recall the size of H: M x N and let’s call these indices absolute indices.

2. The indices (ib, jb) of the submatrices (denote Piy, jb or P(ib,jb) ) within the matrix grid. Let us
also denote the size of the grid My X Np and call these indices block indices.
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3. The indices (r, c) of scalar elements inside the submatrix Pip, jo and let’s call these indices
relative indices.
In a general case, each block-row and each block-column can have a different size. Let us focus on a
practical special case, where the large matrix is partitioned into a grid of square submatrices P, each of
size: z x z. This will simplify our calculations. We can now formulate exact relationship between the
indices inside a submatrix at block-position (ib, jb) with the absolute indices of elements within the
original large matrix H:

i=(@ib-1)-z+r, j=(jb-1)-z+C (10.4)

This simple formula implements conversion from the relative indices to absolute, while also the opposite
direction is often useful:

r=imodz, c=jmodz (10.5)

Luckily, the same formula for this direction applies to MATLAB, where array indexing starts at one,
just as the common theoretical indexing in any math textbook, and also for languages like C and Python,
where array indexing starts at zero. However, the formula for calculating of absolute indices from
relative ones must be updated for C-style array indexing:

i=ib-z+r, j=jb-z+cC (10.6)

Let us illustrate the index mapping using a simple example:
Exercise 10.2:

Given the matrix H of size 6 x 12, and size of the submatrix z = 3, find the partitioning of the matrix H
into a grid of square submatrices P( ib, jb ) if it exists. Explicitly calculate the relationship between
indices of all the elements of P(2,3) for MATLAB indexing, and the equivalent for the same submatrix,
denoted as P(1,2) using C indexing. Let’s denote this submatrix P.

0011000O0O0OO0OT11O0
1 000100O0O0O0OO0T1
H < 01 000100O01O00
01 000O010O0O0OQO0T12
001 00O0O0OI1O0T1IO00
1 0000O0OO0OO0O1IO010O0
Solution:

The number of row of H is equal 6 and is divisible by z, while the number of columns 12 is divisible by
Z, so the partitioning of H to a grid of submatrices of size 3 x 3 actually makes sense. The size of the
grid will be My X Np = 2 X 4 and we may group the bits for better understanding:
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00 1) (1 00)(000) (010
1 00[|010/]000[|00T1
0o10/(0o01)loo0oo0)l1o00
H_010 0 00)(100) (001
001/ (000|010 100
100/ l000)(0oo01)lo1o0

When using theoretical or MATLAB indexing starting at one, the P = P(2,3) matrix is of size 3x3 and

its elements may be denoted by relative indices:

P P P 100
P= Pu Pn Py (= 010
Py P Pi) \0 0 1

We may view the H matrix as a grid of submatrices P:

H= (P ) ) — (Pl,l I':)1,2 I:)1,3 Pl,4}
o PZ,l PZ,Z PZ,S I:)2,4

where indices ( r, ¢ ) inside each Piy j» Start at one, which further translates to a mapping between (r, c)

(ib, jb)and (i, j) asshown in Fig. 10.3:

=
[en]

=
=

=
[3e]

Jj 1L 2 3 4 5 & 7 8 9
00 1|1 0 0[0 0 0]0 1 0
1 0 0[0 1 0f0o 0 0ol0 0 1
g0 1 0Jo 0 1]0oo00j1 00
01 0f[o o of1 00001
00 1[0 0o ofo1 0|1 00
1 0 0[0 0 0f0o 0 1[0 1 0
(ib,jb)—(2,3)@
c 1 2 3
1 0 0),
P,,=(0 1 0]z
0 0 1)3

Fig. 10.3: Mapping between relative, block and absolute indices for MATLAB array indexing.

=)} ] = %] o = o~
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Explicitly evaluating (10.4), using MATLAB indexing the elements of P(2,3) can be calculated as:

Pp=p,;=pEAY)=h-z+1,2-2+1)=h(4,7)=h,,
P, =h(z+1,2z+2)=h,,
P =h(z+1,2z+3)=h,,
Py =h(z+2,22+1)=h,
P, =h(z+2,22+2)=h,,
P =h(z+2,22+3)=h,,
Py, =h(z+3,22+1)=h,;
Py, =h(z+3,22+2)=hy,
Ps; =h(z+3,22+3) =hy,

When using C style indexing that starts at zero the same P matrix is actually P(1,2) and its element
indices again start at zero:

Poo  Por  Po2
P= Po Pu P
P P2 Py

Again we may view the H matrix as a grid of submatrices P:

PO,O PO,l PO,Z P0,3
HZ(P‘W)Z(P P, P, P

1,0 11 12 13

And the mapping of indices changes slightly as can be seen in fig. 10.4.

j 0o 1 2 3 4 5 6 7 8 91011 ;
0 0 1I|J1 0 00 0 0J0 1 0)o0

1 0 0f0 1 OJ0 O O)JO O 1|1
H70100010001002
01 0j0 0 Of1 O O]JO O 1|3
00 10 0 O[O0 1 O]1 O O}¢4

1 0 0f0 O O0J]O O 1]0 1 0)°

(ib, jb)=(1,2) @

c 01 2
1 0 0),
P,,=[0 1 01
00 1)2

Fig. 10.4: Mapping between relative, block and absolute indices for C array indexing.
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Simply put, all the indexing must be shifted by one position: submatrix P(2,3) now becomes P(1,2):

Poo = Poo = P(0,0)=h(1-2+0,2-2+0) =h(3,6) =h,,
P, =h(z+0,2z+1)=h,,

Py, =N(2+0,22+2) =h,,

P =h(z+1,22+0)=h,,

Py, =h(z+1,2z+1)=h,,

P, =h(z+1,22+2)=h,,

Py =h(z+2,22+0) =h,

P, =h(z+2,22+1) =h,,

P, =N(z2+2,22+2) =N,

CQ-LDPC codes in modern communications standards

With mathematical prerequisites out of the way, we can now look how practical LDPC codes are defined
in modern IEEE communications standards. Both WiFi-6 and WiMAX define several codes with
different codeword lengths and different code rates, thus specifying several model matrices Hpm. Both
standards define the same set of supported code rates R = {1/2, 2/3, 3/4, 5/6}. All of the model matrices
share the same number of columns N, = 24, but differ in the number of rows My which ranges from 4
for the highest-rate code R= 5/6, to 12 for the lowest-rate R=1/2. The subblock size z is then directly
related to the codeword length z = N/ Ny = N/ 24. All of the model matrices defined share a similar QC-
LDPC structure, but the actual cyclic shift matrices P are different. The standards also specify different
codeword (and subblock) sizes. Table 10.1 summarizes the supported codeword sizes for the Wi-Fi
standard, while Table 10.2, and provides an overview of WiMAX [4, 5].

N(bit) | z(bit) K (bit)
R=12|R=2/3[R=3/4] R=5/6
648 | 27 | 324 | 432 | 486 | 540
1296 | 54 | 648 | 864 | 972 | 1080
1044 | 81 | 972 | 1296 | 1458 | 1620

Table 10.1: Supported QC-LDPC code parameters defined by the IEEE 802.11x [5] standard.
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N(bit) | Z(bit) K (Byte)
R=172 |R=2/3] R=3/4 | R=5/6
576 | 24 36 48 54 60
672 | 28 42 56 63 70
768 | 32 48 64 72 80
864 | 36 54 72 81 90
960 | 40 60 80 90 100
1056 | 44 66 88 99 110
1152 | 48 72 96 108 120
1248 | 52 78 104 117 130
1344 | 56 84 112 126 140
1440 | 60 90 120 135 150
1536 | 64 96 128 144 160
1632 | 68 102 136 153 170
1728 | 72 108 144 162 180
1824 | 76 114 152 171 190
1920 | 80 120 160 180 200
2016 | 84 126 168 189 210
2112 | 88 132 176 108 220
2208 | 92 138 184 | 207 230
2304 | 96 144 192 216 240

Table 10.2: Supported QC-LDPC code parameters defined by the IEEE 802.16-2017 [4] standard.

The Wi-Fi standard defines a separate matrix for each of the subblock size z (or equivalently codeword
size N), giving 12 model matrices total. The WiMAX standard defines one model matrix for the longest
supported codeword size N = 2304 and z, = 96, and provides a simple formula to rescale the values of
Hom for a smaller N. Furthermore, the WiMAX standard defines two variants: A and B for the R=2/3
and R=3/4 codes that define not only a different Hom, but also a different scaling formula. For simplicity
we will focus on the B code option with scaling factor given by the following equation:

Hims (i, j){

0

Z ..
—H ,
7 bm(I J)

J, Hom (1, J) >0

WiFi-6 uses a slightly different notation for the model matrix, shown in Fig.10.5.
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. 10.5: Hpm for a R = 1/2 code with N = 1944 and z = 81 bits as defined in

L I e e D e |

212



Where each — symbol denotes a zero matrix and can easily be preplaced by a -1 (Fig. 10.6):

57 -1 -1-150-111-15-179-1 1 0-1-1-1-1-1-1-1-1-1-1
3-128-1 0-1-1-15% 7-1-1-1 0 0-1-1-1-1-1-1-1-1-1

30 -1 -1 -1 24 37 -1-1514-1-1-1-1 0 0-1-1-1-1-1-1-1 -1
62 53 -1 -153-1-1 33%-1-1-1-1-1-1 0 0-1-1-1-1-1-1-1
40 -1 -1 20 66 -1 -1 22 28-1-1-1-1-1-1-1 0 0-1-1-1-1-1-1
0-1-1-1 8 -142-150-1-1 8-1-1-1-1-1 0 0-1-1-1-1-1

69 79 79 -1 -1 -1 5% -152-1-1-1 0-1-1-1-1-1 0 0-1-1-1-1
65 -1 -1-13857-1-172-127-1-1-1-1-1-1-1-1 0 0-1-1-1
64 -1 -1 -1 1452 -1 -1 30-1-132-1-1-1-1-1-1-1-1 0 0-1-1
-145-170 0-1-1-177 9-1-1-1-1-1-1-1-1-1-1-1 0 0-1
25 -1573%-1-1-1-1-112 -1 -1-1-1-1-1-1-1-1-1-1 0 0

24 -1 61 -1 60 -1 -1 27 51 -1 -116 1 -1 -1-1-1-1-1-1-1-1-1 0

Fig. 10.6: Hom for a R = 1/ 2 code with N = 1944 and z = 81 bits as defined in
IEEE Std. 802.11-2020 [5].

Let us denote this model matrix Hymri. From IEEE Std. 802.16-2017 we may select the matrix for a rate
R = 1/2 and observe a similar structure (Fig.10.7):

-1973 -1 -1-1-1-1583-1-1 7 0-1-1-1-1-1-1-1-1-1-1
-1 27-1-1-122799 -1-1-112-1 0 0O0-1-1-1-1 -1 -1 -1 -1 -1
-1 -1-1242281-133-1-1-1 0-1-1 0 0-1-1-1-1-1-1-1 -1
61 -1 47 -1 -1 -1 -1 -1 6525 -1-1-1-1-1 0 0-1-1-1-1-1-1 -1
-1 -139-1-1-1284-1-14172-1-1-1-1-1 0 0-1-1-1-1-1-1
-1 -1-1-146 40 -182 -1-1-179 0-1-1-1-1 0 0-1-1-1-1-1
-1 -1955%53-1-1-1-1-11418-1-1-1-1-1-1-1 0 0-1-1-1-1
-11173-1-1-1 2-1-147-1-1-1-1-1-1-1-1-1 0 0-1-1 -1
2 -1-1-18324 -1 43-1-1-151-1-1-1-1-1-1-1-1 0 0 -1 -1
-1 -1-1-1-19%4-159-1-17072-1-1-1-1-1-1-1-1-1 0 0-1
-1 -1 765-1-1-1-13949-1-1-1-1-1-1-1-1-1-1-1-1 0 O
43 -1 -1 -1 -1 66 -1 41 -1 -1 -1 26 7 -1 -1-1-1-1-1-1-1-1-1 0

Fig. 7: Hpm fora R = 1/ 2 code with N = 2304 and z = 96 bits as defined in IEEE Std. 802.16-2017 [4].

For the highest rate R = 5/ 6 the WiMAX standard defines the following model matrix (Fig. 10.8):

12555 -147 4 -1 91 84 8 86 52 82 33 5 036204 77 80 0 -1 -1
-1 6 -1 36 40 47 12 79 47 -1 41 21 12 71 14 72 0 44 49 0 O O 0 -1
51 81 83 4 67 -1 21 -1 31 24 91 61 81 9 86 78 60 88 67 15 -1 -1 0 O
68 -1 50 15 -1 36 13 10 11 20 53 90 29 92 57 30 84 92 11 66 80 -1 -1 O
Fig. 10.8: Hom for a R =5/ 6 code with N = 2304 and z = 96 bits as defined in

IEEE Std. 802.16-2017 [4].

Wi-Fi defines three different matrices, one for each N, the one for the larges N is in Fig. 10.9.

13 48 80 66 4 74 7 30 76 52 37 60 -1 49 73 31 74 73 23 -1 1 0 -1 -1
69 63 74 56 64 77 57 65 6 16 51 -1 64 -1 68 9 48 62 54 27 -1 0 O -1
51 15 0 80 24 25 42 54 44 71 71 9 67 35 -1 58 -1 29 -1 53 0 -1 0 O
16 29 36 41 44 56 59 37 50 24 -1 65 4 6552 -1 4 -1 7352 1-1-1 0

Fig. 10.9: Hym for a R = 5/6 code with N = 1944 and z = 81 bits
as defined in IEEE Std. 802.11-2020 [5].

As demonstrated by the examples above, the model matrices in Wi-Fi and WiMAX share further
structural similarities which will be explained in later sections. All of the matrices Hpm defined above
expand to a very large sparse binary matrix H. In fact so large, that it cannot simply be printed out: even
the smallest H defined in the WiMAX standard for N = 567 and R = 5/6 has 96 rows and 576 columns.
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In order to be able at least to visualize the matrix, a special MATLAB script
displayBinaryMatrix.m was designed that converts the matrix to a picture: each matrix element
will be represented by one pixel: a one will be represented by a black pixel, while a zero by a white
pixel. To better visualize the partitioning to square submatrices a grey horizontal line is drawn every z
columns and a grey vertical line every z rows. The binary matrix H for the smallest R = 5/6 WiMAX
code is then show in Fig.10.10.

20 — —

40 — —
60
s

a0 — ‘ | | | | | \ ‘ | | N

50 100 150 200 250 300 350 400 450 500 550

Fig. 10.10: Graphical representation of the H matrix for the smallest codeword size N = 576 of the R =
5/6 WiMAX-defined LDPC code. Each submatrix size is 24x24 elements and the grid size is My = 4
block-columns and Ny = 24 block-rows, which is exactly the size of the corresponding model matrix
Hbm.

Lab 10a — MATLAB exercises: uncompressing H matrix

Note: Solutions to exercises are placed on GitHub.

MATLAB Exercise 10.3 cyclic shift matrix - right shift:

For a vector length of 4 find the cyclic shift matrices R, and Rs, implementing a cyclic shift by 2 and 3
positions down and test their effect by multiplying the chosen column vector v. Also find a matrix R
implementing a cyclic shift by 4 positions.

MATLAB Exercise 10.4 cyclic shift matrix powers - right shift:

For an arbitrary length N of vector v, let R implement a cyclic shift by 1 position down, multiply R by
itself to obtain it’s powers R?, R%, R* What operations are implemented by a multiplication by these
matrices? Try in MATLAB with a value of N = 5.

MATLAB Exercise 10.5 cyclic shift matrix - left shift:

For a column vector length of 4 find a cyclic shift matrix R, that implement a cyclic shift of the vector
by one position up. This corresponds to cyclic shift by -1 position down and, when using a transposed
form, results to cyclic shift of a row-vector to the left. Make sure by calculating all by hand and compare
with simple MATLAB code.

Note: Sometimes, the precise mathematical relationship between the down shift of a column vector and
its transposed equivalent of right shift of a row vector is ignored by literature. This can be useful in some
situations, but generally creates more problems than it solves.

In the following two exercises, do not use any loops (for, while, etc....) in your implementation of
the functions (but you may use loops for testing). This exercise is to be implemented using vector /
matrix indexing and with core MATLAB commands ONLY. The use of any toolbox functions, such as
circshift (), isexplicitly prohibited (but you may use it to check your solutions).
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MATLAB Exercise 10.6 universal cyclic shift of a vector or matrix:

Implement the body of the function with a given prototype:

function rotated = cyclicShiftRight( vector, shift )

that performs cyclic shift of vectors positions - the ROR operation on a row-vector stored in the first
argument. The scalar parameter shift specifies how many positions to rotate. If negative, a ROL
operation should be performed. If the shi ft is zero, the original vector should be returned. If shift
is larger than the length of the input vector, use mod () function to implement an equivalent shorter
shift. If a matrix is supplied as the first input (that means the variable vector actually contains a
matrix), rotate all rows. If a column vector is supplied as the first argument, perform a rotation down, as
shown in the Example 10.1. Also write a unit test script, that will test the implementation by shifting
some vector or matrix there and back.

MATLAB Exercise 10.7 Circular shift matrix:

Implement the body of the function with a given prototype:

function M = cyclicShiftMatrix( Size, shift )

that generates and returns a square permutation matrix M of a given size (The size is a scalar value
that does not shadow the built-in function size (). This choice of parameter name is deliberate and
serves as an example of wrong design decision:). The permutation is a right cyclic shift (aka rotation) -
the ROR operation. That means the right-multiplication of a row vector by this matrix performs a cyclic
shift of vectors positions - the ROR operation. The scalar shift parameter specifies by how many
positions to rotate. If negative, a matrix representing the ROL operation should be returned. If the
shift is zero, an identity matrix should be returned. If shift is larger than Size, use mod ()
function to implement an equivalent shorter shift. The resulting matrix should be of the default
MATLAB type — double, but it can only contain values zero and one. This exercise is may easily be
implemented using the working implementation of the function cyclicshiftRight () from the
previous exercise. Also write a unit test script, that will test the implementation by left-multiplication of
some column-vector or matrix there and back. Also try right-multiplication of a row-vector and also a
matrix. All unit test should be successful.

MATLAB Exercise 10.8: find cyclic shift value

Implement the body of the function with a given prototype in MATLAB:

function s = findCyclicShift( U, V )

that performs a test whether or not the vector v is a cyclically shifted vector u. If it is, the return value
gives the number of positions by which we need to shift u to the right in order to get v. Using this
definition, the return value will be nonnegative for any shift. Use the value -1 to indicate that vector v
is not a cyclic shift of vector u. The function should work both for column and row vectors.

MATLAB Exercise 10.9: Model matrix expansion for WiFi-6
Implement the body of the function with a given prototype in MATLAB:
function Hs = LDPCExpandH( Hbm, z )

that expands the integer model matrix Hom to a large binary sparse matrix Hs. Use sparse () to convert
a regular matrix to a sparse form. This exercise is to be implemented using the working implementation
of the function cyclicShiftMatrix (), from the Exercise 10.6. The use of for loops and if
conditions is permitted only for iterating over the elements of Hpm. Use the provided function
loadWiFi6 LDPC( R, n) to obtain the correct Hom matrix for a given combination of R and N.
Try all combinations of valid code parameters to test your expansion implementation with various model
matrices. For the WiFi-6 standard, the valid values for N are: {648, 1296, 1944} and the valid values for
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R ={1/2, 2/3, 3/4, 5/6} try all combinations. Use the provided function displayBinaryMatrix( H,
z ) to visualize the large binary H matrices.

Direct encoding of QC-LDPC codes

The special structure of the H matrix introduced in the previous section serves an important purpose:
the ability to implement the encoding process without the necessity of using (or knowing) the code
generator matrix G. This is actually a substantial advantage of the structure of LDPC codes utilized in
WiIMAX and WiFi-6. There are two complementary algorithms that utilize the special structure of H for
direct encoding: the first one a matrix-oriented algorithm, suitable for MATLAB implementation, while
the second is a cycle-oriented algorithm suitable for C implementation. Both take advantage of another
partitioning of the H matrix, defined as follows [4]:

HmebXsz[HbleXKb HszbXMb}z[HbleXKb hbeXl Hbz'MbX(Kbil)] (10.8)

Where the submatrices may pre precisely defined as [6]:

H,, =H,.[0.1,...M, -10,1,..., K, —1] (10.9)
h, =H,.[0.1...M, -LK,] (10.10)
H,, =H, [0,1...M, -LK, +1,...,N, 1] (10.11)

In other words, hy is the first column of matrix Hp2. We use a slightly mathematically imprecise indexing
starting at zero instead of one. We do this in order to be compatible with the indexing defined in the
standard [4].

As summarized in [6]: the direct encoding algorithm further requires that the column vector hy, has a
special structure containing two paired (equal) values in the first and last position and a single non-
negative value among the remaining positions. All other elements must be set to —1 indicating later
expansion to zero matrices. Also required is the structure of the submatrix Hy> , where two zero
diagonals within an all —1 matrix in Hp: translate to double diagonal expanded submatrix of H. This is
clearly visible in Fig. 10. Equation (12) shows the example structure of h, and Hy,> for Np = 24, K, = 18
for the R = 3/4 QC-LDPC code defined in [4]:

o] [0O -1 -1 -1 -1

-1 0 0 -1 -1 1

80| |[-1 0 0 -1 -1
6x6 __ 6x1 6x5 [ _

H,, " =[h,>" H,>]= a4 0 o 4 (10.12)

-1/ |-1 -1 -1 0 O

0 -1 -1 -1 -1 0

Similarly, the structure of the h, column of the model matrix is also shown in bold in figures 6 — 9,
where the paired values and the non-negative one are also underlined.

Let us start by describing the matrix-oriented and thus MATLAB-friendly LDPC encoding approach:
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Direct encoding Method I: matrix algorithm

The H matrix was designed with a special structure so that it can be partitioned into a grid of (2, 3)
submatrices defined as:

HMXN ~ A(M—z)xK B(M—z)xz T(M—z)x(M—z) 1013
- zxK X2 zx(M-2) ( ' )
C D E
Am equivalent structure can be also imposed on the model matrix:
M, —-1)xK M, -1)x1 M, -1)x(M, -1
H MyxN, A( b ) b B( b ) T( b )x( b ) (10 14)
bm T ok D 2 (My-1) '

For the Hpm of a code rate R = 5/6 of the WiMAX standard, this structure is visualized in Fig. 10.11,
along with the equivalent expansion.

1 2555 -1 47 4 -1 91 84 8 8 52 82 33 5 0 36 20 4 771800 -1 -1
-1 6 -1 36 40 47 12 79 47 -1 41 21 12 71 14 72 0 44 49 0] 01 0 O -1l
51 81 8 4 67 -121 -1 31 24 91 61 81 9 8 78 60 88 67 15)-11-1 0 0
68 -1 50 15 -1 36 13 10 11 20 53 90 29 92 57 30 8 92 11 66180]-1 -1 O

NN ES NN AN NN MYNNEE
SRACTNS . |

S ANAN x N y
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Fig. 10.11: Partitioning of Hym (above) and equivalent partitioning of H (below).
This partitioning to submatrices is then utilized for direct encoding in the following way:

Let i denote the information vector of size K bits to be systematically encoded. Let the unknown parity
vector p be divided into two subvectors p: and p of lengths z and M — z. The systematic codeword in
then divided into three subvectors:

ClxNZI:ilxK P> pzlx(MfZ):I (10.15)

Since LDPC is a linear block code, for every codeword, every codeword must be orthogonal to the H
matrix, so that the equation:

HMN | (TN _ M (10.16)
must hold, where 0 is an all-zero vector M positions long and T indicates transpose operation. This can
be further represented as a block matrix multiply:

sKx1

1 pSt (10.17)

(M=2)x1
P,

(M=-z)xK (M-2)xz (M=2)x(M-2)
HM><N 'CT(NXI) _ OM><1 _ A B T
- - szK szz sz(M—z)
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For the following text, let us denote the i, p1 and p; vectors as column vectors. Since we are dealing with
binary vectors and matrices, all operations in the following are Boolean operations. The matrix equation
can then be rewritten as two equations:

Ai+Bp,+Tp,=0

10.18
Ci+Dp,+Ep,=0 ( )

Which can further be transformed over GF(2) where — is the same operation as +, sometimes called a

bitwise XOR operation :

T Ai+T'Bp,=p,

_ (10.19)
Ci+Dp, =Ep,

Further multiplying the first equation in (10.19) by E and equating with the second we get:

Ep,=ET'Ai+ET'Bp,

) (10.20)
Ep,=Ci+Dp,
Now we subtract the equations over GF(2) to get:
(ETA+C)i+(ET'B+D)p, =0 (10.21)

The structure of the H matrix is deliberately designed so that the expression in the second term is an
identity matrix (We will show this is true shortly):

(ET'B+D)=1 (10.22)
From this we derive the first parity subvector pi:

p,=(ET*A+CQC)i (10.23)
and finally the second parity subvector p:

p,=T Ai+T'Bp,=T"(Ai+Bp,) (10.24)

Once the two parity subvectors are calculated, the systematic codeword c is put together simply by
vector concatenation as shown in (10.15). In order to check the correctness of the implementation, it is
useful to check orthogonality of the codeword with the H matrix — equation (10.16) must hold.

Direct encoding Method 11: Low-level algorithm

The special structure of the H matrix was designed to allow for the direct encoding algorithm
where the encoding of a systematic code uses the H matrix instead of the code generator matrix G. For
a practical C encoder implementation the model matrix Hum is actually used, so the large sparse binary
H matrix, or even permutation submatrices P;; are never actually stored anywhere in memory. Since the
multiplication of some subvectors of i of length Z by matrix P;; is identical in result to cyclic shift, the
actual operation to implement as a building block of the encoder is the cyclic shift of subvectors of size
Z bits by Hom(i, j) positions. The direct encoder algorithm originally introduced in [38] and described in
sufficient detail also in [4] can be summarized as follows:

218



The information block i (also known as systematic vector s) is divided into Ky, blocks of Z bits
(we will use z and Z interchangeably). The grouped i can be denoted as a matrix u, where each element
ui is a column vector:

u? =u, u ... ug ] (10.25)

U =[s, Sza - S(i+1)Z—1]T (10.26)

The parity sequence p is calculated in blocks of Z bits directly using the matrix Hym. Again, the
parity sequence p can be expressed as a matrix in terms of blocks, where each element v; is a column
vector Z bits long:

P =V, v, ... vy ] (10.27)

Vi =[piZ Pz .-+ p(i+l)Z—1]T (10.28)

slightly nonstandard notation for vectors u; and v; is used here in order to preserve notation in [3]. The
encoding is divided into initialization and recursion. First the initialization is defined as follows:

My -1 Ky—1
Vo = Hbm(y Kp) [Z Z Hom (i, )Y j (10.29)

Where Hom(i, j) is an element of the (potentially scaled) model matrix Hom, Phoma, j) represents the
circulant permutation matrix, and multiplication by Puumg, j implements the cyclic shift operation on
subvector u;. The element Hom(y, Kb) is the only nonnegative element of the subvector hy outside of the
paired values, as shown in bold in equation (10.12) with Hom(y, Kb) = hs(2) = 80. Note that the value of
y is different for each Hom and must be found on-the-fly by the encoder (or stored). The inverse
permutation P is just a cyclic shift in the opposite direction. All addition/sum operations are performed
over GF(2).

After initialization and successful calculation of vy, the encoder proceeds with

iteration/recursion, finding the remaining parity subblocks vi:

Ko -1
v =Py oioVo+ 2 Puy ol 11 =0 (10.30)
=0
Ky -1
Via =Vi + Py Vo T > Py .ty - 1>0 (10.31)

j=0

Since the sums terms in (12):

Ky—1

S, = Z; Py pUj i=0..M, -1 (10.32)
=

are calculated during the initialization and reused during the iteration, it is advantageous to store their
values for reuse. Since the elements of Hym equal to -1 expand to all zero P submatrix, a multiplication
by such a Prbm results to a zero term in sums and may be safely skipped in the implementation.

219



Example 10.2:

Let us continue with our Exercise 10.1: the large H matrix shown in Fig. 10.2 has 12 rows and 24
columns and can be partitioned into a grid of 3x4 square submatrices of size z = 3. Furthermore, it can
also be partitioned into a grid of 2 x 3 matrices A, B, T, C, D, E as defined by (10.13). The resulting
partitioning is show in Fig. 10.12.

O P Ol OO OO0 O O O -
P O OO O OO O O P+, o
O O PO, O OO o +—» o o
O O POk, O OO Fr O oo
O P Ol OO0 O Fr O O o o
O OO O P OO O o o

OO O Ol O Ok O O O O
O O PO O PFPr OO O O o o
O P OO kP O O OO O o o
P O Ol O O O O O O O o

O O Ol o r OO PFr O o o
o O O|kr OO B OO O O O

O O OO OO0 ©O o pFr O ok
O O Ol o0 o ©Or O O+ O
O O Ol o0 O O o +» O o

O P OO0 OO OO PFr O P+ O
P O OO OO0 O O +r O O
O O PO O O B OO O O B

OO0 o0 O PFPr O +—» O o
O O PO O B OO O o
o r Ol OO OO PFr O P+ O

O O P|OO O B OO O B+ o
O P OO OO0 OO Fr +» O o
P O OO0 o0 O O Fr O O O k-

Fig. 10.12: Partitioning of the H matrix to submatrices A, B, T, C, D, E.
The assignment here is to proof, that the identity in (10.22) actually holds.
Solution:

Note, that the special double-diagonal structure of T determines also a special structure of its GF(2)
inverse. This is easily calculated; even by hand (we leave this step for the next example):

100000000
010000000
001000000
100100000 (1, 0O
T'={0 1 00 1000 Of=[I, I, O
001001000\, 1,1,
100100100
010010010
001001001

Furthermore, the multiplication of another special-structure matrix E by T has then the effect of
repeating its last submatrix of My—1 times:
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0 00 0O0OO0OO0OT1O00 I 00
ET'={0 000000 1O0[T'=(E, E, E,)|[I I 0|=
0O 00 O0OO0OOO0OTU 01 |

1 00100100

=(E,+E,+E, E,+E,; E;)=(0+0+E, O+E, E;)={0 1 0 0 1 0 0 1 0

001 001001

We can double-check the definitions of all standard-define Hom matrices in Figures 10.5. - 10.9 to see
that this last submatrix of E will by definition always be an identity matrix, so that the term ET* will
always be a one block-row matrix consisting of all identity submatrices.

We can now continue further by multiplying the ET* term by the B submatrix, as defined in (10.22):

ETB=(1, 1, 1)

From the definition of the block column h, shown in (10.12) we know, that it must always consist of
two paired values at the first and last position, exactly one zero position, and all other values of —1. This
translates to the equality of the permutation matrix P above with the D matrix defined by the partitioning
in Fig 12. Since P = D we may confirm that the expression (10.22) in the direct encoding algorithm
definition truly evaluates to an identity matrix over GF(2):

ET'B+D=P+1+D=D+1+D=1

Example 10.3:

GF(2) inversion of a special-structure matrix T: We can see from the previous example, that a double-
diagonal matrix T defined in Fig. 10.12 also determines a special structure of its GF(2) inversion. Let
us show, that this is also true for any size of T, given its double-diagonal structure.

Solution:

The T matrix of any size may be expressed in terms of a grid of square submatrices of size z x z in the
following way:

1, 0 0 0
1, 0 0

TMb—lbe—l — IZ IZ O
D1, 1, 0

00 0 I, |

Regardless of the submatrix size z, we can perform the classic elimination method using row-equivalent
transformations by hand, performed on matrix-rows and matrix-columns. We start by adding the first
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matrix-row to the second, and we simply continue by adding the previous matrix-row to the next, until
we reach the last matrix row:

L 0 0 o, 0 0 ... 0

L1, 0 oo 1, © 0

0 I, 1, .. 00 0 I, i |R,=R,+R/~

Dot 1, o 1, 0

0 0 0 1, 1o 0 0 I,

I, 0 0 of, 0 0 0

01, 0 of1, 1, 0 0

01, 1, .. 0o 0 I, ;IR =R, +R,/ ~

ST T P I, 0

0 0 0 I, IO 0 0 I,

I, 0 0 of, 0 0 0

01, 0 ofI, 1, 0© 0

0 0 I, .. oI, 1, 1, : |R, =R, +R,/ ~
1,0, 0 I, 0

0 0 0 1, 1o 0 0 I,

I, 0 0 oI, © 0

01, 0 of1, 1, 0

S TR 1 S T } |Ryps =Rypy +Ryp o/

0 ... I, 1, ol 1, 0

0 0 1, 1|0 0 0 I,

I, 0 0 o[, 0 0 .. 0

01, 0 of1, 1, 0 0

S R TR S T :

0 01, ojl, .. 1, 1, 0

0 0 I TR T T

From the last form of the inverse matrix on the right we can see that T has a lower-triangular block-
matrix structure where each block-element at and below the main diagonal is an identity matrix of size
z X z. For the special case of a double-diagonal structure of T the Jordan elimination method is greatly
simplified: it consists only of repeated addition of previous to current block-row (over GF(2)) and
iterating over all block rows. This can be used in an optimized implementation.

Lab 10b MATLAB exercises: QC-LDPC Encoding

Note: The MATLAB solutions for the exercises of this chapter are divided into several source files.
Open 1abl0b.m for the following exercises solutions:

222



MATLAB Exercise 10.10: Paired submatrices extraction

Implement the body of the function with prototype:

function P = submatrix( H, z, ib, jb )

that extracts the square submatrix P(ib, jb ) of size z x z from the large matrix H. The function should
throw an error if some of the indices is out of bounds or if the number of rows or columns of H is not
divisible by z. Use the MATLAB built-in size () function to determine the size of H. Write a unit test
using the implementations of MATLAB Exercise 10.9: use LDPCExpand () to obtain a large H matrix
with block-matrix structure and then extract the paired submatrices corresponding to the first and last
element of the h, column of the model matrix as defined in (10.12). These two matrices should be equal.

MATLAB Exercise 10.11: Circulant structure of H submatrices

Implement the body of the function with prototype:

function cir = isCirculant( P )

that checks, whether or not the P matrix is a special case of a circulant in the sense that each row is a
cyclic shift by one position of the previous row and the first row is a cyclic shift by one position of the
last row. The result should be a scalar of type 1ogical (Boolean), true if matrix is circulant. The
function should return true regardless of the cyclic shift direction (left or right). Write a unit test based
on the u2nit test of the previous exercise: Test that each of the submatrices aligned to the grid on Mp x
Ny submatrices of size z x z in the expanded block-matrix H is in fact a circulant. Note that also an all-
zero and identity matrix is in fact a circulant matrix.

MATLAB Exercise 10.12: Reconstructing Hom from H

Implement the body of the function with prototype:

function [ ok, Hbm ] = isW6 QCLDPC( H, =z )

that will test whether the matrix H a the QC-LCPC structure: that it consists of a grid of square
submatrices of size z x z, each of which may only be a zero matrix, an identity matrix, or a circulant.
Use the built-in function isequal () to compare submatrices along with the function
isCirculant ().The function should throw an error if the size of the H is not a multiple of z. As a
second output parameter, the function should return a reconstructed Hpm: for each all-zero submatrix it
should return a -1, a zero output will be given for each identity submatrix, and the value of the circular
shift form an identity matrix should be returned for the rest of the submatrices — the circulants. The Even
if some submatrices are not circulants, the function should attempt to reconstruct as much of the structure
as possible — indicate the submatrices that cannot be classified into any of the three categories above by
outputting a NAN at their positions.

MATLAB Exercise 10.13: Partition the H matrix into submatrices
Implement the body of the function with prototype:
function [ A, B, T, C, D, E ] = partitionH( H, z )
where H is a large binary matrix with structure defined by eq. (10.13). The function should return an
error if any of the following conditions is met:
a) The H matrix doesn’t have the basic desired QC-LDPC structure.
b) T submatrix doesn’t have the required double diagonal structure.
Use the provided displayBinaryMatrix () function to visualize the structure of submatrices of H.
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MATLAB Exercise 10.14: special GF(2) matrix inversion

Implement the body of the function with prototype:

function MI = invGF2dd( M, z )

that inverts a special-structure double-diagonal square binary matrix M, divisible into a grid of square
matrices of size z x z. Assume the matrix M is binary stored as double: that means it contains values of
the default MATLAB double precision floating point type, but limited only to values 0 and 1. Do not
use any functions or special data types from the MATLAB Galois toolkit. The function should throw an
error if the input M is not a matrix of the special required structure. Use Example 10.3 as a blueprint for
your implementation — implement a simplified Jordan method for block-matrices with special double
diagonal structure. Use the constructmod ( x + Y, 2 ) forasimple implementation of GF(2) addition.
Also implement helper function R = getBlockRow( M, z, ib ) and that extracts a single block-
row R of z rows from a block-matrix M, given its block-index ib and MA = addBlockRow( M, R,
z, 1ib ) that adds the block-row R to the block-matrix M at its block-row index r and returns the
resulting matrix Ma with block-row added. These helper functions must be GF(2) agnostic, meaning
that they operate on any values, not just GF(2).

The resulting inverse matrix M must be binary, stored as double and the MATLAB correctness check:
mod( M * MI, 2 ) musthold true.

Use the combination of MATLAB built-in functions mod( inv( M ), 2 ) to compare your
implementation and built-in matrix inversion results. Will the results be the same? If yes, can we use
this trick in general? Write a unit test, that loads the WiFi-6 LDCP codes defined for all parameters R,
n combinations and test your GF(2) matrix inversion for all of them.

MATLAB Exercise 10.15: QC-LDPC direct encoding — matrix encoder

Implement the body of the function with prototype

function C = encodelLDPCmatrix( I, H, Z )

that encodes a binary vector i of length k bits to a binary vector ¢ of length n bits using the procedure
described by equations (10.13), (10.23), (10.24). First check, that the supplied H matrix has the proper
structure and throw an error if it doesn’t (use your 1sW6_QCLDPC () function). Also check the validity
of (10.22) and throw an error if invalid. Also check the orthogonality of the codeword — eg. (10.16) over
GF(2) and throw an error if codeword is not orthogonal to the H matrix. The third input parameter is
optional. All output parameters must be a binary vectors stored as double.

Test your implementation first using a small H matrix from the Exercise10.1, and if everything works
test it using actual WiFi-6 LDPC code parameters R, n. Use the orthogonality between each codeword
¢ and parity check matrix H for testing the correctness of your encoder implementation.

MATLAB Exercise 10.16: Non-matrix QC-LDPC encoder

Section Direct Encoding Method 11 described in the Wi-MAX standard [4] is valid also for the LDPC
codes defined for Wi-Fi and provides a more practical encoder algorithm, closer to actual low-level
implementation. Such non-matrix algorithm is much closer to a low-level C/C++ code that could be
found in device drivers. Equations (10.25) to (10.32) are indeed defined using matrix multiplications,
but these deal exclusively with small P matrices, each of which can only be an all zero matrix, identity
matrix, or a cyclic-shift matrix. Multiplication of a vector by a zero or identity matrix in a low-level
language without vector constructs is trivial: just returning zeros or the original input vector. Low-level
implementation of a cyclic-shift matrix-vector multiplication translated to simple outputting of a cyclic-
shift of the vector. This can be implemented by a simple cyclic-shift function (such as the already
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implemented cyclicShiftRight ()) that would further translate directly to CPU ROR and ROL
instructions (or equivalent). In this exercise we will simulate this low-level implementation in MATLAB
by implementing this algorithm (eq. 10.25 to 10.32) first by explicitly using matrix-vector
multiplications of P;i;u;, then by replacing these with cyclic shifts of u;. Again, we will use the construct
mod( X + Y, 2 ) forasimple implementation of GF(2) addition without the necessity of the Galois
toolkit:

Implement the body of the function with prototype:

function v = encodeGlMlaM( Hbm, u, z )

that implements the algorithm given by equations (10.25) to (10.32) and encodes a binary input vector
directly using the model matrix Hwom. This implementation should be a straightforward expression of
these equations in MATLAB.

Also implement the body of the function with prototype:

function v = encodeGlMlaR( Hbm, u, z )

that implements the algorithm described by equations (10.25) to (10.32) and encodes a binary input
vector directly using the model matrix Hpm. This implementation should replace any matrix
multiplication by a call to cyclicShiftRight () as described above.

Both implementations should produce exactly the same output, which should also be equal to the output
encodeLDPCmatrix () function. Write a unit test to confirm for all WiFi-6 parameters R, n
combinations.

Decoding LDPC codes

For the decoding of LDPC codes, several algorithms have been designed over the years. The
computationally simpler are the hard—decision algorithms that focus on bit flipping. Since these
algorithms do not really achieve the best performance in terms of decoding error ratio, more advanced,
soft-decoding algorithms were designed. All of these are defined using a special graph representation of
the LDPC code parity check matrix H — the Tanner graph described in more detail below. The soft-
decision decoding algorithms are all based on the maximum posterior probability criterion, expressed
using a chosen metric. Intuitively the most straightforward metric would be directly the posterior
probability. A formulation of the decoder using this metric does exist [17] and is in fact the original
algorithm. However, the necessity of high-throughput implementation of the decoder requires to reduce
its complexity. A logarithm of the probability turns out to be a good practical metric that facilitates
decoding algorithm simplification. Before we get into details, the Tanner graph should be explained.

Tanner graph

The Tanner graph is a bipartite graph: a graph that contains two types of nodes: the first one — variable
node (denoted as v) represents a position in a codeword, while the second one — a check node (denoted
as ch), and represents a parity equation as defined by matrix H. The nonzero elements of H then define
the connection between the corresponding variable and check node. If we index the variable nodes using
n, and check nodes using m, an edge will be drawn between each variable and check node where H( m,
n) = 1. There are no edges between two variable nodes or two check nodes. In other words, a Tanner
graph can be understood as a handy visual representation of any parity check matrix.

Example 10.4:
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Let the H matrix is a parity check matrix of a systematic Hamming [7, 4, 3] code.

Clp Cy C3 C4 Cs5 Cg Cq

01111 0 0)ch
H=[1 0 1 1 0 1 0|ch
1 1 0100 1)cn

Let us denote the positions of a codeword ¢ = (Cy, Cz, ..., Cn) Where N = 7 and the three parity equations
(M =N - K =3) defined by the H matrix chs, ch,, chs. We can rewrite the H matrix as a system of
GF(2) equations:

C,+C;+C,+C, =0
C,+C,+C,+C, =0 (10.33)
c,+¢c,+c,+¢c, =0
Each variable v, node will correspond to a given codeword position c». The difference between c, and
vn lies in the fact that ¢, is a binary value and is the result of the decoding process; while the v, takes on

a real-value of a selected metric and is used during the iterative decoding process (It may be even a
vector value for some algorithm formulations). We can draw a Tanner graph (Fig. 10.12):

Check nodes:

Variable nodes: v, v, Vs vy Vs Vg Vs

Fig. 10.12: A Tanner graph for a [7, 4, 3] Hamming code.

Since all of the decoding algorithms conceptually use the Tanner graph as basis for their
operation, it is necessary to define other important terms that will be used further. For every variable
node index n € {1, 2, ..., N } we may define a set of incident check nodes M(n). Simultaneously, for
every check node index m € {1, 2, ..., M} we may define a set of incident variable nodes indices N(m).
We call these sets neighborhoods of n and m and we sometimes omit the word index, so when we speak
of variable node n, we actually mean the variable node with index n. Furthermore, for a given N(m) and
n, we may define a set of variable nodes incident with check node m, except the specific variable node
n, we denote by a set difference operator: N(m) \ n. Similarly, for a given M(n) and m, we may define a
set of check nodes incident with variable node n, except for a specific check node m, and denote M(n)
\ m. There are N neighborhoods - sets of check node indices M(n) — one for each variable node n.
Together, these completely define the Tanner graph and therefore also the matrix H. Similarly, there are
M sets of neighborhoods N(m) — one for each check node m. |

Example 10.5:
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For a Hamming [7, 4, 3] code from the previous example, let us find all the variable and check nodes
neighborhoods: set of indices of incident nodes. This can be done directly from the H matrix or from
the Tanner graph:

For all the variable nodes (or column indices) n €{1, 2, ...7} we note the row indices of ones in column
n:

M(1)={2,3} M(2)={1,3} M(3)={1,2},M(4)={1,2,3},
M(5)={1}M(6)={2} M(7)={3}.

Similarly, for all the check nodes m €{ 1, 2, 3 } we note the row indices of ones in column m:
N(1)={2345},
N(2)={1,34,6},

N(3)={124,7} ]

LLR - the Log-Likelihood ratio

The LLR metric is a basis for a computationally feasible LDPC decoding. For a binary random variable
X with alternative probability distribution, we can define LLR simply:

LLR(X) = A(x) = In ( by ) (10.34)

or alternatively with reversed values:

LLR(X) = A(x) = In ( =) ) (10.35)

Both of these definitions are equally useful, and since both can be found in different sources, we
present them here.

Using the definition provided by (10.34), we can also express the probabilities of X taking on the values
Oand 1as:

(x=1)= —ei(X) (10.36)
P9 1+e*) .
and:
1
p(x=0)=1- p(X=1)=—1+eMx) (10.37)

The sign of A(x) determines the hard decision (0 or 1) regarding the variable X while its magnitude
determines it’s reliability. We can see how the probability p(X) translates to the LLR metric A(x) defined
by (10.34) on Fig. 10.13.
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AMX)
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™ pr) |

Fig. 10.13: The graph of the LLR metric A(X) as a function of p(x) for the definition (10.34).

For an AWGN channel and BPSK modulation modelled by (10.39), this LLR metric (defined by (10.35))
is easily calculated by inserting the channel probability distribution from Chapter 8:

_ 7 (10.38)
1 1 2 oo’
exp _(Z_'_E)
ooN27 2\ oo

where E is the energy per bit that can be safely assumed equal to 1 in simulations.

1 exp{_l(z_\/g)Z:l
LLR(z) = In[ PE/9 |, ooz 7| 2\ 2/E
p(z/1)

The Min-Sum decoding algorithm

For an AWGN channel and binary (BPSK) modulation, let x, be the n-th transmitted bit, n, the sample
of Additive White Gaussian Noise (AWGN), and y, the sample in the receiver. The modulation and
channel transfer can be then modelled simply by (10.39). Note that with this choice for BPSK mapping,
a logical zero bit is mapped to an s = +1 prototype in the signal space, while a logical one value is
mapped to s = -1.

Yo = (_2Xn +1) +n, (10.39)

Let us choose the posterior-probability derived LLR metric to be used with the soft-decoding Min-Sum
algorithm, denoted as Z, and defined by (10.40). We choose the second variant of the LLR metric
definition shown previously in (10.35) in order to be compatible with the most sources.

20 _jp P, =07y,) _ 2y 167 (10.40)

p(x, =17Yy,)

where the o is the channel variance (may be omitted in the Min-Sum implementation) and the
superscript (k) indicates the iteration number.

Before the iteration starts, we must first define two important buffers: the Zn, matrix of messages send
out by the variable nodes towards the check nodes, and the L, matrix of messages send out of the check
nodes towards variable nodes. Both matrices will have the same size as H and will only contain nonzero
values at positions where H has ones. We only need to initialize the values of Zn, and we do it in the
following way: For each row m of Zn, we copy the input metrics Z, at indices N(m) t0 Zmn, using the
indices N(m) also as the target column indices. This way we multiply some values and from the memory
usage perspective this representation is in fact sub-optimal. It is, however, convenient for algorithm
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understanding. The Lnn metrics need no special initialization, but setting all values to zero is a good tip
to avoid potential bugs.

After initialization of important buffers, the iteration process may begin. Each of the iteration
implements the following steps:

1. The horizontal scan — the check node update:
For each m and each N(m) calculate the check node message Lmn, based on the variable node

messages Zmn coming from all incident variable nodes except the output one (with index n).

L. = min
n'eN(m)\n

Z - TT son(Z,.%) (10.41)

n'eN(m)\n

2. The vertical scan - the variable node update:
For each n and each M(n) calculate the variable node message Zm, coming from all incident

check nodes, except the output one (with index m).

Z,\'=z2+ > L,,% (10.42)

m
m'eM (n)\m

3. For each n and each M(n) calculate the posterior LLR estimate Z,®:
=z > LY (10.43)

meM (n)

4. Hard decision and termination:
For each codeword position n calculate the bit estimate x» using (10.44) and if the orthogonality
with the H matrix condition is satisfied: HX = 0 (or XH™ = 0) over GF(2), terminate the decoding.

g (0 _

n

H (k) .
{0, if 2% >0; (10.44)

1, otherwise

Note: The values of Zm, are initialized by received channel samples: Zm® := Z,© and equations (10.42)
and (10.43) can be easily reordered and (10.41) replaced with:

7 () 7 () n(k) (10.45)

mn n m

This replacement will be done in actual implementations since evaluating (10.42) is much more
complicated than just (10.45). |

For many students, the equations above make little sense as they see them for the first time. It is therefore
beneficial to visualize the equations above using an example:

Example 10.6: Passing of messages during the horizontal a) and vertical b) step during a belief
propagation decoding. The Tanner graph used represents a Hamming [7, 4, 3] code, see Fig. 10.14 and
Fig. 10.15.

a) Fig. 10.14: horizontal step for check node index m = 2 and output variable node index n =6
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n'€N(mn). = {1.3,4,6116={1.3,4}

Fig. 10.14: Similar message passing will need to take place |[N(m)| = 4 times. Each time with a
different output node index n. In this case four different pictures could be drawn.

b) Fig. 10.15: Vertical step for variable node index n = 4 and output check node index m = 3.
m’' €Mm)m={1,2,3}13={1,2}
|

[ |
ch, ch, chy m=3

Fig. 10.15: Similar message passing will need to take place |[M(n)| = 3 times. Each time with a
different output node index m. In this case three different pictures could be drawn.

With basic insights on the message passing, let us dig a little deeper into the indexing: we need to keep
several indices in mind:

1. the absolute index of the variable node n, which is the same thing as the index of the column in
the H matrix.

2. The absolute index of the check node m, which is the same as the index of the row of H.

The index of the iteration (k) written in superscript.

4. The relative index n’, used in the horizontal step for iteration over the set of variable node
indices N(m) \ n.

5. The relative index m’, used in the vertical step for iteration over the set of check node indices
M(n) \ m.

w
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Example 10.7: For the example [7, 4, 3] Hamming code with the H matrix and variable and check nodes
indices defined as:

€1 ¢y €3 Cy C5 Cg Oy

01 1110 0)eh
H=1 01101 0|ch
110100 1)cy

Let the receiver obtain the following LLR metrics: Z,® = (1, -2, 3, =4, 5, 6, =7 ). Let us observe the
Min-Sum algorithm in operation:

For a good visual insight, it is useful to map the input metric vector Z,© to a matrix Zm\?, we do this by
replacing each 1 in the H matrix by the value of the Z,© vector at the same column index:

0 23 4500
z =11 0 3 406 0
1 20 400 -7

Now we have initialized the Zn, matrix and we proceed to the horizontal step. For each of the row index
m, we calculate the equation (40). The trick here is to realize, that (40) actually defines several equations:
each one for a different output variable node index n, out of the set of indices N(m), thus also defining
several different subsets of input nodes N(m) \ n. Let us calculate for the rows of the example H matrix:

For the first row, the index (of the check node) m = 1, and the set of incident variable node indices is
N(1) ={2, 3, 4, 5}. We use each index n as an output index:

If n = 2 is the output index, the set N(m) \ n will be {2, 3, 4, 5}\ {2} ={8, 4, 5}.

Now we can calculate (10.41):

o) _ : 0) 0 _
L1,2 - n'erglys}‘zl'”' ‘ ) sgn (Zl,n' ) -
o n'e(3,4,5}

=min([3],|-4],5])- (sgn (3)-sgn (—4)-sgn (5)) = -3
If n = 3 is the output index, the set N(m) \ n will be {2, 3, 4, 5}\ {3} ={2, 4, 5}.

O _ mi O] . ) _
L% = min |2, T _son (2,7
= min(1-2] |4} 5|)-(s9n (-2)-san(~4) sgn (5)) = 2
If n = 4 is the output index, the set N(m) \ n will be {2, 3, 4, 5}\ {4} ={2, 3, 5}.

L= min [2,,) -nlegs}sgn(zl,nwk
=min(|-2].[3],[5])- (sgn (~2)-sgn (3)-sgn (5)) =2

If n =5 is the output index, the set N(m) \ n will be {2, 3, 4, 5}\ {6} ={2, 3, 4}.
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© _ mi © ) —
L.”= min |z, @ T] son(z,,)=
nel2.34) n'e{2,3.4)

- min((-2} 8. 1-4)-(san(-2)-san (3)-sgn (4)) =2

For the second row index m = 2, the set N(2) = {1, 3, 4, 6}, so we would again need to actually calculate
(10.40) four times. We do it here just for the n = 1.

L, = min [z, ©|- T] san(2,,)=
: ne34,63 > N :

- min (34|, 6)(59n(3)-sgn (~4)-san (6)) = -3

For the third row index m = 3, the set N(3) = {1, 2, 4, 7} and we would again need to calculate (10.40)
four times. The reader can perform these calculations as an exercise and should obtain the following
resulting matrix Lm© of metrics as the horizontal step output:

0 -3 2 2200
L, @=[-3 0 -1 1 0 -1 0
2 1 0 1 0 0 1

The vertical step is very similar, except we process the L»® matrix on a per-column basis. Eq. (10.42)
defines the same approach using the M(n) \ m sets, but we can use the simplification: just calculate the
sums of each of the columns of L»® in (10.43) to obtain Z,** and then subtract as in (10.45):

O _ > (0) 0) _
Zn _Zn + Z I-mn -

meM (n)

0 832 220 0

=1 2 3 456 -7)+sum;/-3 0 -1 1 0 -1 0|=
2 1 0 100 1

123 456 -7)+(5 2102 -1 1=
(4 -4 4 4 7 5 -6)

Now to calculate the Znn metrics for the input to the new iteration, we subtract the value of L, for each
matrix position. We must be careful to correctly interpret (10.45), since the buffers in question are not
all of the same size: Zm, an Lmn are matrices of the size M x N, while Z, is a vector of length N. In order
to correctly implement (10.45) we may again “extend” the vector Z, to a temporary matrix form,
similarly to the algorithm initialization step as shown below:
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0O 3 2 -2 2 0 O
=(4 4 4 475 —6)— -3 0 -1 1 0 -1 0}»
-2 1 0 1 0 0 1
0 44 -4 70 O 0 3 2 22 0O
~|-4 0 4 405 0|]-|-3 0 -1 1 0 -1 0=
-4 4 0 4 0 0 -6 -2 1 0 1 0 0 1
0 -1 2 250
=-1 0 5 -5 0 6
-2 50 500 -7

Note that this expansion of the vector to matrix isn’t really necessary in actual implementation; it is just
convenient for the demonstration purpose here.

We have not demonstrated the first iteration: the alternative execution of the horizontal and vertical
steps. Before we would continuous with the next iteration, we must check the stopping criterion (the
decoding may already be successful): We perform the hard decision as defined by (10.44) on each of
the metrics to obtain transmitted codeword estimate:

We get: x =(1, 1,0, 1, 0, 0, 1) and we must perform the test or orthogonality with the H matrix:

011
101
110
XH"=(1 101 0 0 1)1 1 1(=(0 0 0)
100
010
001

Since the orthogonality condition is satisfied, we terminate the decoding process after exactly one
iteration. In actual implementations, several iterations will be necessary, while sometimes several tens
of iterations may be needed. However, the convergence of the algorithm is not guaranteed, so there must
be a hard limit placed on the number of iterations.

Alternatively, and just for the sake of example, we may also try using the definition in eq. (10.42) and
we should really arrive to the same numbers:

Let us evaluate the (10.42):

(k) _ - (0) (k)
Z n - Zn + Z I‘m'n

mi
m'eM (n)\m
For each column index n:

The structure of the H matrix determines the sets of variable node neighborhoods:

M(1) = {2, 3}, M(2) = {1, 3}, M(3) = {1, 2}, M(4) ={1, 2, 3},
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M(5) = {1}, M(6) = {2}, M(7) = {3}

If n = 1 the set of incident check node indices is M(1) = {2, 3} and each one of these will serve as an
output:

If m = 2 is the output index, the set M(n) \ m will be {2, 3}\ {2} ={3}.

Zz,l(l) = Zl(O) + Z Lm'l(O) = Zl(O) + L3,1(0) =1+(-2)=-1
m'e{3}

If m = 3 is the output index, the set M(n) \ m will be {2, 3}\ {3} ={2}.

Z,Y=29+> 1,,9=29+1,7 =1+(-3)=-2
m'e{2}

If n = 2 the set of incident check node indices is M(2) = {1, 3} and each one of these will serve as an
output:

If m = 1 is the output index, the set M(n) \ m will be {1, 3}\ {1} ={3}.

Zl,z(l) =27, + Z Lo, =2, + |-3,2(0) =-2+(H=-1
m'=(3}

If m = 3 is the output index, the set M(n) \ m will be {1, 3}\ {3} ={1}.

Zs,z(l) = Zz(O) + Z Lm'z(O) = Zz(O) + L1,2(0) =-2+(-3)=-5
m'e{1}

If n = 4 the set of incident check node indices is M(4) = {1, 2, 3} and each one of these will serve as an
output:

If m = 1 is the output index, the set M(n) \ m will be {1, 2, 3}\ {1} = {2, 3}.

2,2=2"+ % L, 9=2"+(L,"+L,?)=-4+1+1)=-2
m'e{2,3}

If m = 2 is the output index, the set M(n) \ m will be {1, 2, 3}\ {2} ={1, 3}.

2,"=22+ 3 L, 2=2"+(L,7+L,9)=-4+(-2+1)=-5
m'e{1,3}

If m = 3 is the output index, the set M(n) \ m will be {1, 2, 3}\ {3} ={1, 2}.

2,,"=2"+ Y L,,9=2"+(L,7+L,,7)=-4+(2+)=-5
m'e{L,2}

If n =5 the set of incident check node indices is M(5) = {1} and each one of these will serve as an output:
Form=1:

®_~-© © _ 7 () _
Zl,5 _Zs + Z Lm'4 _Zs =5

m'ed
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Lab 10c: MATLAB exercises: Min-Sum decoding of LDPC codes

MATLAB Exercise 10.17 - find N(m) and M(n) sets

For each of the H matrix defined below, find all the sets of (linear) indices N(m) of columns — one index
set (vector of indices) of incident columns for each row, as shown in Example 10.5. Also find all the
sets M(n) of rows incident with each column n.

MATLAB Exercise 10.18: calculate LLR for an AWGN channel

Implement the body of the function with prototype:

function Zn0 = detectorSamplesLLR( RxBlock , noiseVariance )

that calculates the LLR metric (defined in 10.35) for a BPSK modulation (defined in 10.39) and AWGN
channel, as defined in (10.38). The function must accept scalars, vectors, or matrices.

MATLAB Exercise 10.19: calculate hard decision for given LLR

Implement the body of the function with prototype:

function bits = hardDecision( LLR )

that calculates the hard decision (10.44) on an LLR metric input, consistently with the definitions in the
previous exercise. The function must accept scalars, vectors, or matrices.

MATLAB Exercise 10.20: the Min-Sum algorithm LDPC decoder

Using the prepared source file decodeLDPCassignment . mto finish the implementation of the body
of the function with prototype:

function Xne = decodelDPC( H, Zn0, nIter, verbose )

that:

A) Initializes the Zn, buffer as a matrix Zm©@ := Z,©. To be more precise, the Zm, buffer should
be a matrix of the same size and structure as the H matrix, i.e. it should have nonzero values
only at positions where H has ones. The Z,© is a vector of input LLRs of length n. Its values
are copied to each row of Zm, so that a binary one in H at index ( m, n) defines the assignment
Zmn = Zn. A zero in H at index ( m, n ) defines a zero value at Zm.. See the example 10.8 if
unclear.

B) Finds the neighborhood index set N(m) for each row index m of H.

C) Performs the horizontal step by implementing a private function with a given prototype:
function ILmn = horizontal( N, Nm, Zmn, verbose )

This function should implement the equations (10.41) for a given row m, and for each of the
incident variable nodes n € N(m) set as output as demonstrated in Example 10.7. The function
should take the following inputs parameters:

N — a scalar -the length of the codeword

Nm — a vector - the set of indices N(m) for current row

zmn — a vector - the input buffer of messages from variable nodes — a vector of size

IN(m)].
The function should output a vector of check node messages Lmn of size N, including the
redundant zero values. This is suggested for debugging purposes, so that the user can clearly
see the connection between the messages and their position in the Tanner graph. See debugging
example 10.8 if unclear.

D) Updates Zn(k) values by evaluating eq. ( 10.43) for each column.

E) Updates Zmn(k) values by eq. (10.45) in a similar way as performed in the initializations step.

F) Performs hard decision on the resulting posterior LLR estimates Zn(k) and tests orthogonality
of the codeword estimate and H matrix. If orthogonal, or the maximum number of decoder
iterations nlter is reached, return the current codeword estimate under the parameter Xne.
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For debugging purposes, use the provided dbg () function to be able to easily turn on and off debug
output using the verbose parameter. Save the resulting source file as a new file decodeLDPC . m.

Note: The implementation described here has some potential trivial optimizations, especially regarding
the memory usage. The preservation of the buffers Zm, and Lmn Structure similar to the H matrix was,
however, a priority here.

Debugging

In order to be truly able to correctly implement the Min-Sum algorithm, it is beneficial to demonstrate
the algorithm operation by printing a simple debug output. This can be useful to catch bugs in the
implementation. The following two examples are given precisely to facilitate debugging of the Min-
Sum implementation prescribed by exercises below:

Examplel0.8:

Debug output for a Min-Sum decoder applied to a [7, 4, 3] Hamming code with the H matrix in a non-
systematic form. The Min-Sum decoder maximum iterations limit was set to 6 and the decoding
converged successfully after the 5" iteration. The codeword ¢ is BPSK modulated and vector t is
transmitted. The AWGN noise takes on the value n, and the input to Min-Sum is not an LLR. Instead
the direct receiver sample is used for Zo. The listing below shows the debug output of a reference
MATLAB implementation. X, denotes the codeword estimate within each iteration.

H= 1 0 1 0 1 0 1

1 0 1 1 0 1 0

0 1 1 0 0 1 1
Cc = 1 0 1 1 0 1 0
T = -1 1 -1 -1 1 -1 1
N = -0.8223 -0.0942 0.3362 -0.9047 -0.2883 0.3501 -1.8359
Z -1.8223 0.9058 -0.6638 -1.9047 0.7117 -0.6499 -0.8359

ZMN initialized =

-1.8223 0 -0.6638 0 0.7117 0 -0.8359
-1.8223 0 -0.6638 -1.9047 0 -0.6499 0
0 0.9058 -0.6638 0 0 -0.6499 -0.8359

lst iteration:

LMN =
0.6638 0 0.7117 0 -0.6638 0 0.6638
-0.6499 0 -0.6499 -0.6499 0 -0.6638 0
0 -0.6499 0.6499 0 0 0.6638 0.6499

Znk =
-1.8084 0.2559 0.0479 -2.5546 0.0479 -0.6499 0.4778

ZMN =
-2.4722 0 -0.6638 0 0.7117 0 -0.186
-1.1585 0 0.6978 -1.9047 0 0.0139 0
0 0.9058 -0.602 0 0 -1.3137 -0.1721

Xne =

1 0 0 1 0 1 O

2nd iteration:

LMN =
0.186 0 0.186 0 -0.186 0 0.6638
-0.0139 0 0.0139 -0.0139 0 0.6978 0
0 -0.1721 0.1721 0 0 0.1721 0.602

Zzn0 =
-1.8223 0.9058 -0.6638 -1.9047 0.7117 -0.6499 -0.8359
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-1.6502 0.7337 -0.2918 -1.9186 0.5257 0.22 0.4299

ZMN =

-1.8362 0 -0.4778 0 0.7117 0 -0.2339

-1.6363 0 -0.3057 -1.9047 0 -0.4778 0
0 0.9058 -0.4639 0 0 0.0479 -0.1721

Xne =

3rd iteration:

LMN =
0.2339 0 0.2339 0 -0.2339 0 0.4778
-0.3057 0 -0.4778 -0.3057 0 -0.3057 0
0 0.0479 -0.0479 0 0 0.1721 -0.0479

Zn0 =
-1.8223 0.9058 -0.6638 -1.9047 0.7117 -0.6499 -0.8359

Znk =
-1.8941 0.9537 -0.9556 -2.2104 0.4778 -0.7835 -0.406

ZMN =
-2.128 0 -1.1895 0 0.7117 0 -0.8838
-1.5884 0 -0.4778 -1.9047 0 -0.4778 0
0 0.9058 -0.9077 0 0 -0.9556 -0.3581

Xne =

1 0 1 1 0 1 1

4th iteration:

LMN =
0.7117 0 0.7117 0 -0.8838 0 0.7117
-0.4778 0 -0.4778 -0.4778 0 -0.4778 0
0 -0.3581 0.3581 0 0 0.3581 0.9058

Zn0 =
-1.8223 0.9058 -0.6638 -1.9047 0.7117 -0.6499 -0.8359

Znk =
-1.5884 0.5477 -0.0718 -2.3825 -0.1721 -0.7696 0.7816

ZMN =
-2.3001 0 -0.7835 0 0.7117 0 0.0699
-1.1106 0 0.406 -1.9047 0 -0.2918 0
0 0.9058 -0.4299 0 0 -1.1277 -0.1242

Xne =

1 0 1 1 1 1 O

5th iteration:

LMN =
-0.0699 0 -0.0699 0 0.0699 0 0.7117
0.2918 0 -0.2918 0.2918 0 0.400 0
0 -0.1242 0.1242 0 0 0.1242 0.4299

Zn0 =
-1.8223 0.9058 -0.6638 -1.9047 0.7117 -0.6499 -0.8359

Znk =
-1.6004 0.7816 -0.9013 -1.6129 0.7816 -0.1197 0.3057

ZMN =
-1.5305 0 -0.8314 0 0.7117 0 -0.406
-1.8922 0 -0.6095 -1.9047 0 -0.5257 0
0 0.9058 -1.0255 0 0 -0.2439 -0.1242

Xne =

1 0 1 1 0 1 O
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MATLAB Exercise 10.21: LDPC encoded transmission in AWGN channel — simulation results

After your program successfully produces the decoding output shown above in the debugging example,
run the SIM LDPC.m file that uses the decodeLDPC() function to simulate a BPSK transmission in

AWGN channel. You should obtain results very similar to the figure below.

BER

07—

107 pY

10-! L

10-4 L

10-5 L

3 4 5 6
Eb/NO [dB]

Fig. 10.16: Waterfall curve — the bit error ratio of an LDPC-encoded BPKS transmission before (red)
and after decoding (blue). Basic Min-Sum algorithm [6] for 8 decoder iterations and number of block

processed at once (block multiplier) bMul = 10.
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List of acronyms

3G
AWGN
BDPSK
BER
BLER
BFSK
BPNRZ
BPSK
BPF
BPW
BSC
cc
CCSDS
CDMA
CM
CR
cw
DET
DFT
DL
DMPSK
DS
DVB
ECC
EIRP
ESD
FDMA
FER
FFH
FFT
FH
FIR
FPC
GF
GFT

34 Generation
Additive White Gaussian Noise

Binary Differentially encoded Phase Shift Keying

Bit Error Rate

Block Error Rate

Binary Frequency Shift Keying
Bipolar Non-Return to Zero
Binary Phase Shift Keying

Bits Per Frame

Bits Per Word

Binary Symmetric Channel
Convolutional Code

Consultative Committee for Space Data Systems

Code Division Multiple Access
Constellation Mapping
Communication Resource
Continuous Wave

Detector

Discrete Fourier Transform
Downlink

Differentiall M-ary Phase Shift Keying
Direct Sequence

Digital Video Broadcasting

Error Control Code

Effective Isotropically Radiated Power
Energy Spectral Density

Frequency Division Multiple Access
Frame Error Rate

Fast Frequency Hopping

Fast Fourier Transform

Frequency Hopping

Finite Impulse Response

Fractional Power Containment
Galois Field

Generalized Fourier Transform

239



GNSS
GPS
HP
HW
IEEE
ISA
ISl

LBC
LDPC
LLR
LPF
LTE
MA
MAP
MDS
MF
MFSK
ML
MPSK
MQAM
NE
PAM
PDMA
pdf

PN
PSD
RAID
RC
RCF
RRC
RF
ROL
ROR
RS

RX
QAM
QC-LDPC

Global Navigational Satellite System
Global Positioning System

Half Power

Hardware

Institute of Electrical and Electronics Engineers

Instruction Set Architecture

Inter Symbol Interference

In phase/Quadrature

Linear Block Codes

Low Density Parity Check
Log-Likelihood Ratio

Low Pass Filter

Long Term Evolution

Multiple Access

Maximal A’posteriori Probability
Maximal Distance Separable
Matched Filter

M-ary Frequency Shift Keying
Maximum Likelihood

M-ary Phase Shift Keying

M-ary Quadrature Amplitude Modulation
Noise Equivalent

Pulse Amplitude Modulation
Poarization Division Multiple Access
probability density function
Pseudo-random

Power Spectral Density

Redundand Array of Inexpensive/Independent Disks

Raised Cosine

Raised Cosine Filter

Root Raised Cosine

Radio Frequency

Rotate Left

Rotate Right

Reed Solomon

Receiver

Quadrature Amplitude Modulation
Quasi-Cyclic LDPC
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QPSK
SDMA
SER
SFH
SHL
SHR
SIR
SNR
SRC
SS
STAT
TDMA
TIMS
TX

uL
UNRZ
WiFi
WiIMAX
WISSCE
WSS

Quadrature Phase Shift Keying

Space Division Multiple Access

Symbol Error Rate

Slow Frequency Hopping

Shift Left

Shift Right

Signal-to-Jammer Ratio

Signal to Noise Ratio

Source

Spread Spectrum

Statistics

Time Division Multiple Access
Telecommunications Instructional Modelling System
Transmitter

Uplink

Unipolar Non-Return to Zero

Wireless Fidelity

Worldwide Interoperability for Microwave Access
Wireless Indoor Spread Spectrum Communication Equipment
Wide-Sense Stationary (Stochastic Process)
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